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Abstract 
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§1. Introduction 

In our previous paper, 0) which we refer to as I henceforth, we have constructed a con- 
sistent string field theory (SFT) for an unoriented open-closed string mixed system to the 
quadratic order in the string fields, and proved the invariance under the gauge transforma- 
tion with closed string field parameter. It was pointed out that the infinity cancellation 
between the disk and projective plane amplitudes& , ll''i- ) '&'li ) 'l^i' plays an essential role for 
the gauge invariance of the theory. This, in particular, implies that any oriented string field 
theory containing open string, where there is no projective plane amplitude contribution, 
cannot be a consistent theory at least on the flat background. For the 

case of light-cone gauge SFT, this means the violation of the Lorentz invariance. 

In this paper, we continue this task and present the full action for this unoriented open- 
closed string field theory which is an a = p + HIKKO type theory© based on the light-cone 
type vertices. The BRS invariance of the action is thoroughly proved, up to the terms which 
are expected to cancel the anomalous one-loop contributions. 

The SFT action for such an open-closed string mixed system has been known in the 
case of light-cone gauge and oriented string 0* ©' 111* & and it had five types of interaction 
terms, open 3- and 4-string vertices V£, V£, closed 3-string vertex V 3 °, open-closed transition 
vertex U and open-open-closed vertex Uq. In the present case of unoriented strings, two 
additional quadratic interaction terms become newly allowed and were studied in detail in 
I; self-intersection interactions for open string and for closed string. 0) Intuitively, 
the string interactions are of only two types if viewed locally on the string world sheet; 
one is the joining-splitting type interaction typically appearing in V£ and another is the 
rearrangement interaction typically appearing in V£. If so, these seven vertices already 
exhaust all the possible interaction terms, and are depicted in Fig. [l| Taking account of our 
previous work also, the full action of the present system is naturally expected to be given by 

s = -\ (#\ Q° B n \w) - i <$| Q c B (b vn) \$) 

2 2 

+| (K 3 °(l, 2, 3)| |^) 321 + x 4 9 - (V 4 °(l, 2, 3, 4)| |^) 4321 + xji 9 - (V^l, 2)| |ff) al 

+^ 1/2 §^ (V7(1 C ,2 C ,3 C )| |<2>> 321 + Xoo h£ (VU1 C ,2 C )| |*> 21 

+x u h 1/2 g (U(l, 2 C ) | |#> a |fir> 1 + x a h 1/3 £ (U„(l, 2, 3 C )| |<2>> 3 |^> 21 , (1-1) 

where x&, x<x, x c , Xoo, x u and xq are coupling constants (relative to the open 3-string coupling 
constant g), and we have explicitly shown the power of H (as a loop expansion parameter) 
for each interaction term for clarity although we will suppress them henceforth. For 
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Fig. 1. Seven interaction vertices. 






notations and conventions, we follow our previous paper I. The open and closed string fields 
are denoted by \W) and |<2>), respectively, both of which are Grassmann odd. The multiple 
products of string fields are denoted for brevity as 



l*>n..«l = W)n ■ ■ ■ l*) a I*>1 



;i-2) 



The tilded BRS charges Qb here, introduced in I, are given by the usual BRS charges Qb plus 
counterterms for the 'zero intercept' proportional to the squared string length parameter a 2 : 



Q°B=Qb + AoS Vc , Q c b = Q c b + ■ 



2„2. 



1-3) 



The ghost zero-modes for the closed string are defined by Cq = (co + co)/2, Cq = cq — cq, and 
6g = b + bo, Oq = (b — bo)/ 2. The string fields are always accompanied by the unoriented 
projection operator 77, which is given by using twist operator Q in the form JJ = (1 + f2)/2, 
where i? for open string case means also taking transposition of the matrix index. The closed 
string is further accompanied by the projection operator V, projecting the Lq — Lq = modes 
out, 

r 27r dO 

— expi8(L - L ), 



V 



2tt 



;i-4) 



and the corresponding anti-ghost zero-mode factor bo = (b — b )/2. 

The main purpose of this paper is to prove the BRS invariance of the action ( |1-1| ) and 
to determine the coupling constants x 4 , x^, x c , x^, x u and Xq. As is well known already in 
the light-cone gauge SFT, however, the open-closed mixed system suffers from the anomaly 
|§),ti),0) a nd thus the system is not BRS invariant as far as we consider the tree action (|1 • 1| ) 
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alone. Ideally, we should also discuss the anomalous loop diagram contributions here. But, 
since the BRS invariance proof is a bit too long already at the 'tree level', we are obliged to 
defer the anomaly discussion to the forthcoming paper. Therefore, we here content ourselves 
with doing the following. First we classify the terms appearing in the BRS transform Sb S 
of the action into groups according to the numbers of the external open and closed string 
fields and the power of coupling constant g. The BRS invariance implies that those terms 
should cancel each other separately in each group. The cancellation always occur between 
a pair of the configurations in which the interactions at two interaction points take place in 
an opposite order. Then we can see which groups of the terms become the counterterms for 
the anomalous loop diagrams; namely, those 'loop' groups contain the terms for which the 
configurations become loop diagrams if the order of the two interactions is interchanged. For 
all the other groups, which we call 'tree' groups, we prove successively that the cancellations 
between such pairs of configurations indeed occur and the terms in each group in Sb S 
completely cancel out. 

The paper is organized as follows. In §2, we explain in some detail how the SFT vertices 
are constructed, since the signs are very important to show the cancellation for proving the 
BRS invariance. In §3, we calculate the BRS transformation SbS of the action in a systematic 
way and classify the appearing terms into groups mentioned above. §4 is the main part of 
this paper where we present the BRS invariance proof of our action in a manner as explained 
just above. The final section §5 is devoted to the summary. In Appendix A we summarize 
the general rule for obtaining the BRS and gauge transformation laws from the action with 
a precise treatment of the statistics of the open and closed string fields. In Appendix B 
we explain how the "Generalized Gluing and Resmoothing Theorem" (GGRT) proved by 
LeClair, Peskin and Preitschopf© and the present authors® for the pure open string system 
case is made applicable to the present open-closed mixed system. 



§2. Vertices 

To discuss the BRS invariance of the action (|1 • 1| ) , we must show the cancellations between 
various pairs of terms, as we will do in later sections. Therefore it is very important to 
define the vertices very correctly including their signs as well as the weights. Fortunately, 
the definition of the vertices in the manner of LeClair, Peskin and Preitschopf (LPP),H* is 
very powerful and convenient also for this purpose. Each vertex of our string field theory is 
defined in the form of a product of the LPP vertex corresponding to a specified way of gluing 
of strings and the anti-ghost factors corresponding to the moduli parameters (interaction 
points) of the vertices. The GGRT,©'© for the LPP vertices makes it possible to treat the 
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Fig. 2. The p plane of the open 4-string vertex V£. The integration contours Co and Cq used in 
Eq. (|2-9| ) for defining b po and b p * are also shown. 



weights of the terms without recourse to the detailed expressions for the LPP vertices, and 
the signs can be traced neatly by the anti-ghost factors contained in our SFT vertices. 

Taking these into account, we give a definition of our SFT vertices in this section. For 
clarity, by taking the open 4-string vertex (V£(l, 2, 3, 4)| as a concrete example, we first 
explain in some details how our SFT vertices are constructed. 

The corresponding LPP vertex (v2\ is uniquely given once how the participating strings 
are glued is known. In our case of a = p + HIKKO type theory, 0> the gluing is specified by 
using the string length parameters a r as well as by the moduli parameter o"o specifying the 
interaction point. So, for a given set of the a parameters, (ai, ai, a^, 0:4), the corresponding 
LPP vertex is denoted as 

(^ (ai,a2 ' a3,a4) (l,2,3,4;cro)|, (2-1) 
and is defined by referring to the conformal field theory Green function: 

K K ' a2 ' Q3 ' Q4) (l,2,3,4;a )|Oi 4) |0> 4 Cf \0) 3 O? |0) 2 O! 1} (0), 

'dZ. 
dw 



4 / \do r 

II Hp 1 • (Oa(Z 4 )0 3 (Z 3 )0 2 (Z 2 )0 1 (Z 1 )). (2-2) 



r=l 



We call this type of vertex with string length parameters specified 'specific LPP vertex', in 
distinction from 'generic one' introduced below. This open 4-string vertex exists only for 
sets of the a parameters (a>i, 0^2, 03, a^) with alternating signs, (+, — , +, — ) and (— , +, — , +). 
The string configuration is explicitly depicted in Fig.0 for the case of sign(«i, «2, «3, 014) = 
(+, — , +, — ). An important property of such specific LPP vertex is 

K (Ql ' Q2 ' Q3 * a4) (l,2,3,4;a )| = {v ^^ {2 , 3, 4, 1; a )\ 

= K (a3 ' a4 ' Q1 ' Q2) (3,4,l,2 ;( xo)|, (2-3) 



etc. Namely, once the vertex type is fixed (now, (v%\), the specific LPP vertex is uniquely 
given by specifying which string (i.e., Fock space label) r = 1, 2, • • • has which length param- 
eter a r . The order of the arguments is irrelevant aside from the cyclic ordering among open 
strings (and totally irrelevant for closed strings). This property is apparently trivial since 
those LPP vertices correspond to the same mapping of the unit disks \w r \ < 1 of strings r 
into the complex plane z. But the equality including the overall sign factor is not so trivial 



in fact, so we demonstrate it from the definition fl2-2|) : 

K (a2 ' a3 ' a4 ' Ql) (2,3,4,l; ( ro)|^ 1) 10), Of |0) 4 (9f |0) 3 ^ 2) |0) s 

4 ( A7 \ d °r 

= II ( ^7 ■ (0^)0^)0^)0^) 



r=l 



= ( _ 1) |il(|2|+|3|+|4|) -Q I^Lj . (p,{Z A )0^{Z,)0 2 {Z 2 )0 1 {Z l 

= (_ 1 )IH(|2|+|3| + |4|) (^ (ai ' a2 ' a3 ' Q4) (l,2,3,4;a )|Oi 4) |0) 4 Of |0> 3 (^ 2) |0> 2 O^O^ 
= (vl {ai ' a2 ' a3 ' a ^ (1,2,3, 4; a )\O{ 1} {O^O? |0) 4 Of |0) 3 ^ 2) |0) 2 , (2-4) 

where \r\ is the statistics index of the operator O r which is (1) if O r is bosonic (fermionic). 
Note that this simple property is achieved by the fact that the Fock state Of' |0) r of string r 
and the conformal field theory operator O r obeys the same statistics thanks to the convention 
that SL(2;C) vacuum |0) is Grassmann even. 

We now define 'generic LPP vertex' (^(l, 2, 3, 4; o"o)| by integrating over the length 
parameters a r as follows: 

«(l,2,3,4;a )| = / f[ da r 5{J2 «r) (v° 4 (ai ' a2 '° 3 ' Q4) (1, 2, 3, 4; a ) \ . (2-5) 

J r =l r 

This generic LPP vertex enjoys the cyclic symmetry property because of Eq. ( |2-3|) : 

K(l,2,3,4;a )| = K(2, 3, 4, 1; a )| = «(3, 4, 1, 2; a )\ = «(4, 1, 2, 3; a )\ . (2-6) 

Henceforth we always mean this generic LPP vertex if we simply call LPP vertex. Although 
the integration is performed over the length parameters a r in this generic LPP vertex, only a 
single specific LPP vertex is picked up if it is contracted with the specific external string states 
Of> |0) r ; usually, the external state operator O^ takes the form O^ = O^ exp(ip r X^) so 
that the state 

O^ \Q) r = Ol r) e^ x(r) |0) p = Oi r) \p) r (2-7) 

carries definite momentum p r = (p r ,p~ ,pt) an d hence definite string length parameter a r = 
2p+ (a r = p+ for closed string). Since the specific LPP vertex ^^ ai ' a2,a3 (1, 2, 3, 4; a )\ 
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is constructed on the bra state Yir r ( a A and the bra and ket states carrying different values 
of a r are orthogonal to each other, a single specific LPP vertex can survives. 

Finally the vertex (V£(l, 2, 3, 4)| used in the string field theory can now be defined by 

(V?(l,2,3,4)| = r d<7oK(l,2,3, 4; a Q )\K n^ (r) , (2-8) 

J (Ti r 

where <7j and 07 denote the initial and final points of the moduli <To (interaction point), 
II is the unoriented projection operator, and b ao is the anti-ghost factor associated with 
the quasi-conformal deformation of the Riemann surface corresponding to the change of the 
moduli (To,©'©'© which, in this 4-string vertex case, is explicitly given by 

where Co denotes the closed contour encircling the interaction point p on the p-plane, and 
Cq and Pq being their mirrors (See Fig. |^). More generally speaking, this anti-ghost factor 
b ao is characterized by the property that its BRS transform, 

r « s < i ^>=(S T - + (£9 T *- w O0 l>>. (2 - io) 

(where T(p) is the energy-momentum tensor), be a generator of the infinitesimal transforma- 
tion for the change of the moduli a ; H^H) i.e., (^(l, 2, 3, 4; cr )| T ao = (d/dao) {v2(l, 2, 3, 4; cr ) 
We, therefore, have the following important relation using the BRS invariance of the LPP 
vertex, 2, 3, 4; a )\ Q B = with Q B = £ r Q$: 

«(1, 2, 3, 4; ao) | b m) Q B = «(1, 2, 3, 4; <r ) | { b ao , Q B } 

= 2, 3, 4; a ) | T ao — ~r~ { K(l, 2, 3, 4; a ) | } . (2-11) 

dcr 

We come to another important point here: how do we define the moduli do explicitly? 
We can use as a the value of the sigma coordinate ctq of any one of the participating string 
r. (For convenience sake, we define the coordinate as ctq = |a r | Imlnw r although the 

(r) 

original sigma coordinate of string r is o r = Imlntiv, so that the distance measured by o"q 
is equal to that on the p-plane in magnitude independently of r.) But the point is that the 

(r) 

increasing directions of <r are opposite if the signs a r are opposite, which causes the sign 



change to the definition (2_8). Indeed, if we take two adjacent strings 1 and 2 which carry 
opposite signs of a r , for instance, and suppose that the points ctq and correspond to 
the same point on the p-plane, then the neighboring points ctq + £ and cr^ — e represent the 
same point. The contribution of this infinitesimal region to the integral in the SFT vertex 
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p-8| ) has opposite sign: indeed, since da^ = —da^ and hence 



we have 

(1) , (2)_ (2) 

e dai%u = 11 ~\-d4 2) )(-b^) = -f^JafX^. (2-13) 



(i) 

" "0 



Because of this, we generally have the relation 

(r) (s) 

j' r) dat ] (v° 4 (l,2,3,4;ai r) )\b^ = sign(a r a s ) J ^ da { s) 2, 3, 4; aj s) )| . (2-14) 

So we must specify which string's Og coordinate is used for the moduli in the definition of 
the SFT vertex ( |2-8j ). We sometimes use the notation like 

<J?(1,2,3,4)| = J J, d4 2) K(1,2,3,4;4 2) )|6 ct ( 2) JJ^, (2-15) 

i T 

to denote explicitly which string's Oq coordinate is used by putting a down arrow on the 
string label. However, we take the convention that with the SFT vertices with the down 

(r) 

arrow omitted we always mean to use the erg coordinate of the open string which appears 
as the first argument in the SFT vertex. Namely, 

(y 4 °(l,2,3,4)| = (V 4 °(i,2,3,4)| = da^ {vlil^^a^b^ \{n^\ (2-16) 

i T 

With this convention, the 4-string SFT vertex properly satisfies the following anti-cyclic 
symmetry 

(1^(1,2,3,4)1 =-(\/ 4 °(2,3,4,l)| = + (^(3,4,1,2)1 =-(1^(4,1,2,3)1 (2-17) 

because of the alternating sign property of (aj, «2, «3, «4) and the cyclic symmetry of LPP 
vertex. Note that this property should hold in any case as far as we take the convention 
that the open string field 1^) is Grassmann odd. This is because the SFT vertex appears in 
the action in the form (V^°(l, 2, 3, 4)| \\P) A W) 2 W)v the string label r is totally dummy 
there and so we should have 

(V?(l, 2, 3, 4)| |^) 4321 = (V 4 °(2, 3, 4, 1)| |^) 1432 = - (V 4 °(2, 3, 4, 1)| |^) 4321 . (2-18) 

In a similar fashion to this V4 example, we can define all the vertices appearing in the 
action (|1-1| ). The quadratic vertices U, and have been defined explicitly in the previous 
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paper I. For the other cubic interaction vertices also, it have long been known how the strings 
are glued (See, e.g., Refs. ^0|),|31]),^2|),|33|)). For clarity, we here cite the expressions for all 
the seven vertices following our way of construction and notation. The cubic interaction 
vertices V£ for open and V£ for closed strings and the open-closed transition vertex U have 
no moduli parameters: 

(V°(l,2,3)\ = (1^(1,2,3)1 J] tf (r) > 

r=l,2,3 

(V 3 C (1 C ,2 C ,3 C )| = (^(1 C ,2 C ,3 C )| J] ( & o^) (r) > 



r=l c .2 c ,3 c 



(f/(l,2 c )| = (u(l,2 c )|(6 -p) (2C) J] n^. 



(2-19) 



r=l,2 c 



Note that the anti-ghost and projection factors (b^VII) for the closed strings, each being 
Grassmann odd, are always multiplied in the order as appearing in the argument of the 
vertex. The open-open-closed vertex Uq and closed intersection vertex V^,, as well as the 
open quartic interaction vertex have one moduli parameter specifying the interaction 
point: 



(V 4 °(l,2, 3,4)| 



daP (i£(l,2,3,4;4 1, )|6 T( i ) ntf (r) 



r=l 



([/«(1,2,3 C )| = H da^\ua{l,2,T-a^)\b aW n^n^{b^Vn) 
M'.^h r i,r/2 ^ 1) (t;oo(l c ,2 c ;(TS 1, )|6 (r (i) II %Vnf\ 

' r=l c ,2 c 



(3 C ) 



(2-20) 



Finally the open intersection vertex have two moduli parameters corresponding to its 
two interaction points: 

04(1,2)|=/ d^da J v x (l,2; a?\ aP) b^m ft 11^. (2-21) 

J 0<a\ ' <ay <irai x 1 2 r=1 2 



§3. BRS Transformation 

Once the action is given, there is now a standard procedure for giving the BRS and 
gauge transformations. In this procedure, if the action is invariant under the 

BRS transformation, the invariance under the gauge transformation automatically follows. 
Although this procedure is in principle well-known, the details like signs are by no means 
trivial in this case of the mixed system of open and closed strings. So, in Appendix A, we 
explain the details of this procedure by developing a concise notation which can be easily 
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translated into the present bra-ket notation. Following this procedure, we calculate in this 
section the BRS transformation of our action in a systematic way. 



Let us write the action (|1 • 1| ) in the following generic form: 
S — S°2) + £(2) + E ■%) 

i 

% = -\ mOkn\w) = -\ (R°(i,2)\Q° B WnW\*} 21 , 

S c {2) = ~\ (*| QUbaVII) \<P) = +1 (R c (l c ,¥)\ Q c B {2 \b VII)W\<P) 2Clc 



l«p)-(i)|!?) JO w , (3-i; 



where c(i) and o(z) are the numbers of the closed and open string fields, respectively, ap- 
pearing in the z-th type vertex (V(i) \ , and the vectors like Jh^ and are abbreviations 
for the ordered sets of indices ( J\, ■ ■ ■ , J (i)) and (1^, • • ■ , Ij). According to Eq. (|A-19|) in 
Appendix A, the BRS transformation 5 B of (ket) string field is given by the differentiation of 
the action S with respect to the bra string field. Using the rule of differentiation explained 
also in Appendix A and, in particular, noting that 5/5 is Grassmann even and 5/5 (<P\ is 
Grassmann odd, and using (6/6 Jp\) \V) b = \R°(a,b)) and (5/5 aC {$\) \<P) bc = \R c (a c ,b c )), we 
find the following BRS transformation law for open and closed string fields, respectively: 



Km 

S z^« - J^Sw = II (V U) (Ll uyi ,b-,Kl {j) )\ |^,|^(a,6)) \*) L{ 



3 



5 



8£° se % l<P> a c = i-^nS = -Q B (b^ PiI)|^) a c + E^) d 6o l*>. 



j 



6 ° ( ^r,-w?Vnr^ (^(^;^W.ft c )| m^)) (3-2) 



(c(j)-l)\o(j) 

Here we have used the fact that (6/5 c (4>\)S(j) always contains the anti-ghost factor 6q 
from the structure of our vertices so that the factor of (6q Cq )^ qC - ) multiplied to it equals 

— — — — — (b c ) 

effectively 1 since b c b — b . Moreover the b factor contained in the vertex 

V^Ll^K 1 ^, b c )\ = K^, b c )\ b (bC) (3-3) 

_(a c ) 

has been eliminated together with c by using an equality 

(bo c ) {aC \ ibC) \R c (a c , b c )) = (b c Y aC \ {aC) \R c (a c , b c )) = b {aC) \R c (a c , b c )) . (34) 
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^B P (j) an d ^B°(j) d are the P ar ts of the BRS transformation coming from the Sy) term of the 
action. The free part BRS transformation 5^]\&) a = -Q° B n\$) a and \<P) aC = 

— Q^ip^V n)\<P) aC on the action S can be easily calculated to yield 



/ copcn | rclosecU 
l°B(2) °B(2) P 



+ (R°(l,2)\Q°WQ°WlI\V) 21 + (R c (l c ,T)\Q^>Qr>^Vn)^ \<P) 2C1 



0(2^0(2°), 



a=I,J 



(3-5) 



where use has been made of the commutativity of Qb with the projection operators II and V. 
Note that J2Qb acting on (V(j)| has become J2Qb- This holds since the difference between 
them Aa 2 co vanishes generally on the vertex (V^ \ : 



fc=l 



o(i) 



fc=i 



Vw(J} ;lJ )|Aojf ^c( P ) = 0. 



(3-6) 



Here A c = 2A Q has been used and C Po is a closed contour encircling all the interaction points 
on the p plane. The presence of the anti-ghost factors b Po sitting at the interaction points 
p is potentially dangerous since they yield poles (fe(z )c(z)) = l/(z — z) on the z plane. 
But when going to the z plane, § Cp ^(dp/2Tri)c(p) becomes § Cz ^(dz/2iri)(dp/ dz) 2 c(z) and the 
(dp/dz) 2 contains double zeros (zo — z ) 2 there. Therefore the integrand is regular even at 
interaction points and hence vanishes. Note that the squares of the tilded BRS operators in 
Eq. (|3-5|) become Q%Q% = \ Q a 2 g 2 {Q%, c } and Q B Q B = \ c a 2 g 2 {Q B , Cq } for the open and 
closed string cases, respectively, by using the nilpotency of the usual Qb as well as of c . 

Now calculate the j'-th open BRS transformation part of the z-th action term S^y. 
noting that <5b(j) and \R°(a, b)) are Grassmann odd and that the Grassmann even-oddness 
of (V (j) \ is we find 

9{i) 



copcn ri 



00 



9(i) 
c(i)\ 



X 



9(j) 



T b; Kl u) ) \$) K?U) \R°(a, b)) |Sr) t .«-i 



=C?) 



c(i) 

' c(i)!c(j)! 

x|^ c(i) |^) o(i) |^) cw) |i2°(a,6)) |!P),ow)- 

q+o(j)+c(j) 9{i)9(j) 
c(i)\c(j)\ 



V, 



(i)l a > Jo(i)'Ic(i), 
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Table I. Coefficients C°f en of S^S {i) . 







(0 


V 3 °(g) 


U(x u g) 


v 4 °(x, g 2 ) 


V^x^g 2 ) 


Un(x n g 2 ) 






o{i) + 1 


4 = 


2 = 


5 = 1 


3 = 1 


3 = 1 






c(i) 





1 








1 


0) 


c(j) + 1 


o{j) 












V 3 °(g) 


1 


3 = 1 


2 


+x u g 2 




+Xocg 3 


-x n g 3 


U (x u g) 


2 = 


1 


-x u g 2 


+x 2 u g 2 


x u x 4 g 


x u X(xg 


+x u x n g 3 


V 4 °(x 4 g 2 ) 


1 


4 = 


+x 4 g 3 


3 

x 4 x u g 


2 4 


4 

x 4 x oc g 


+x 4 x n g i 


vu^ocg 2 ) 


1 


2 = 


+x oc g 3 


3 

x^x-^g 


4 

X(xX 4 g 


2 4 


+x <x x S} g 4 


Un(x n g 2 ) 


2 = 


2 = 


+x n g 3 


-x n x u g 3 


+x Q x 4 g A 







x (-) c U + °V- 1+c ^\R (a, b)} 10)^(0 (-)<#)(°«-i) l^)^) l^^ol^)^)-! 
= C^ cn (Vy)^.!, a; J 2 (l) ; l} )| |i2°(a, 6)) 

with the final coefficient given by 

Cji ~ ( } c(i)\c{j)\ ■ (3 ' 8) 

Note that, in going to the last line, we have exchanged the arguments a and b of \R°(b, a)) 
using the anti-symmetry property, \R°(b, a)) = — \R°(a,b)). This was done for the later 
convenience in applying the GGRT. In the same way we can find the j-th closed BRS 
transformation part of the i-th action term S^y. 

<^f% = C t° d ( V U)( L l^ a c )\ (V {ii (jfo b c , I 2 c(l) )\ \R c (a c , b c )) 

X \$) jcW K^- 1 \&) 7°W ( 3 ' 9 ) 

with the coefficient 

^closed _ ( _\c(j)(o(i)+l)+o(j) 9(i)9(j) foin) 

31 " 1 ' (c(<) - l)!(c(j) - l)\o(i)o(j) ■ 1 J 

The resultant coefficients C°f cn and C$ osed for d^S {i) and <5^ d 5 (i) are summarized in 
Tables 1 and 2, respectively. 

It can be easily shown that S B (j)S^ = (5 B («)>%) both for ^(j) an<1 ^B(j) d i so that we 
have to retain only half number of the terms 6b(j)S^ for i ^ j by using the coefficients 
multiplied by 2. We thus can write the explicit form for the full BRS transformation SbS of 
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Table II. Coefficients C?] osed of Sgf&S, 



(0 

oil) + 1 


U(x u g) 
2 = 


Vooix^g 2 ) 
1 


V 3 C ( ^x c g 2 ) 
1 


Un( \xng 2 ) 
3 = 1 


U) <j) o(j) 


U (x u g) 1 1 






~f~ 2\X u x c g 


+ \x u xng z 


Voo (xoo9 2 ) 2 = 


~\~X OQ X u Q 




i 1 4 


i I 4 
~T~ 2 Xoo '^^9 


V 3 C ( ^ c5 2 ) 3=1 


1 3 

~r c2\X c x u g 


1 4 

2\X c x OQ g 


1 2 4 
— 2!2! a ' c ^ 


1 4 

2\2 XcX ^9 


Un ( §W) 1 2 = 


1 ^ 

+ 2 x nx u g 


1 4 

2Xfix OQ g 


1 4 


1 2 4 

- 



the action by arranging the terms with the same number of open and closed external states 
and the same powers of g as given below: there are 6 vertices containing open string fields 
and 5 vertices containing closed string fields (including the 2-point kinetic terms), so that 
6 x 7/2 + 5 x 6/2 = 36 terms appear in total. ((U\ Qb and {Uq\ J2 Qb terms below should 
be counted as two terms each since they contain both Q% and Q%.) 



0(g) 



0(g 2 ) 



(Tl) | (V°(l, 2, 3)| (Q« + Q {2) + Q®) m 
(T2) -2x u (U(l,¥)\ (Q^+QP) \0) v W), 



321 



(T3) 
(T4) 

(T5) 

(LI) 



\x c (V 3 C (1 C , 2 C , 3 C ) | (Qg> + Q<?> + \<P) 3C2C1C 

- \x, (V A °(1, 2, 3, 4) | (q%> + Q {2) + Q§> + Q<f>) 

-(V°(l,2,a)\ (V°(b,3A)\ |if(a,6)>] 1^4321 

t Q (I/ fl (l,2,3 c )|(Qg ) + Q < £ ) +QP) 
-2x u (U(a,3 c )\ (V°(b,l,2)\ \R°(a,b))} \<P) 3C \V) 21 

- x^iV^l, 2)| (Q^+Q^) 
-x 2 u (U(l,a c )\ (U(2,b c )\ \R c (a c ,b c )} 



(T6) 



+A o a 2 2 ( J R o (l,2)|{Qg ) ,c (2) } 
- Xoo (VU^I^+Qi?) 
+x u 2 (U(a,l c )\ (U(b,2 c )\ \R°(a,b)) 



21 



+A c c4 (R C (1 C ,2 C )\ {QV,c +{2C) mvy-' \<P) 2cl 



,(2 C ) 



(3-11) 
(3-12) 

(3-13) 
(3-14) 
(3-15) 



(3-16) 



(3-17) 
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0(g 3 ) 



(T7) +2a:4(^ (l ; 2,a)| (V 4 °(b, 3, 4, 5)| \R°(a, b)) |^) 54321 (3-18) 
(T8) [2^(^(l,a,4 c )| (W,2,3)| |i2°(a,6)> 

-2x uXi (U(aA c )\ (W, 1,2, 3)| |i?°(a,fe))] |5>> 4C |^) 321 (3-19) 

(T9) [x u x c (U(l,a c )\ (V 3 c (b c ,2 c ,3 c )\ \R c (a c ,b c )) 

-2xox u (Uo(l,a,2 c )\ (U(b,3 c )\ \R°(a,b))] |3>) 3 c 2 c l?^ (3-20) 

(L2) [2x x {V x {l,a)\ (V 3 °(b,2,3)\ \R°(a,b)) 

+x a x u (Ua(l,2,a c )\ (U(3,b c )\ \R c (a c ,b c ))] |^) 321 (3-21) 

(T10) [-2x u x (X (U(a,l c )\ (V x (b,2)\ \R°(a,b)) 

+2x uXoo (U(2,a c )\ (Ko(& c ,l c )| \R c (a c ,b c ))} |5>) lc |?P) 2 (3-22) 



0(<? 4 ) 



(Til) 
(T12) 
(T13) 
(T14) 

(L3) 

(T15) 
(T16) 

(L4) 
(L5) 



-x 4 2 (\/ 4 °(l,2,3,a)| 04°(&,4,5,6)| |it: (a,6))|^) 654321 
2^4(%(l,fl,5 c )| (y 4 °(6,2,3,4)| |i? (a,&))|^) 5c |^) 4321 



4 c 3 c 2 c 1 c 



- Ja: c 2 (\/ 3 c (l c ,2 c ,a c )| (V 3 c (b c , 3 C , 4 C ) | |i? c (a c , fc c )> |*> 
-x Q 2 (U Q {l,a,3 c )\ (1^(6,2, 4 C )| \R°(a,b)) 

- ±x Q x c (U a (l,2,a c )\ (V 3 c (b c , 3 C , 4 C )| \R c (a c , b c )) } \<P), C3C \$} 21 
-2x x x 4 (V x (l,a)\ (y 4 °(6,2,3,4)| \R°(a,b)) 



\x a 2 (U Q {l,2,a c )\ (f^(3,4,5 c )| \R c (a c ,b c )) \$) 



'4321 



-x cXoo (V 3 c (l c ,2 c ,a c )\ (\4o(6 c ,3 c )| |i? c (a c ,6 c ))|^) 3C2Clc 
2^ a ([/ fi (l ) a,3 c )j (Kc(M)| |#°M)> 
-^oo <Z7«(l,2,a c )| (Ko(& c ,3 c )| |it> c (a c ,& c )>] |<2>> 3C |^> 21 



-a* 2 <y K (l,a)| (Kc(M)l \R°(a,b))\V) 



21 



a:oo 2 (Kx>(l c ,a c )| (Ko(fc c ,2 c )| |i? c (a c , b c )) \$)„ le 



(3-23) 
(3-24) 

(3-25) 

(3-26) 

(3-27) 
(3-28) 

(3-29) 
(3-30) 

(3-31) 
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§4. BRS invar iance 

The light-cone gauge string field theory for open-closed mixed system has long been 
known to have an anomaly which breaks the Lorentz invariance at the one-loop level. Ill) ' III) S 
This anomaly was present even in the oriented string system and required the existence of 
the open-closed transition interaction U to cancel it. In our framework of a = p + HIKKO@) 
type unoriented open-closed string theory, this is reflected in the fact that the BRS (and 
gauge) invariance suffers from the anomaly. 

The five terms labeled as (LI) - (L5) in Eqs. fl34g ), (ggg ), (&27\ ), (ET3Cp and ( F3TD , do 



not vanish by themselves and will be cancelled by the anomalous contributions of one-loop 
diagrams.^ More naturally, we should say this oppositely; if we started with the theory 
possessing only the V 3 °, VI and V£ interactions, then the theory is safely BRS invariant at 
tree level. At quantum level, however, the BRS invariance is violated by some anomalous 
one-loop diagrams, and the other interaction vertices U,Uq and V^, are required to be 
introduced to cancel those anomalies. Their coupling strengths are found to be of the order 

U, U Q ~ 0(h^ 2 ), V x , Ko ~ Oft), (4-1) 

in h as a loop expansion parameter, as already shown in the action ( |1-1| ). O Therefore, the 
non-vanishingness of the (LI) - (L5) terms is by no means unwelcome, but rather gives the 
very raison d'etre of the interaction vertices U,Uq and V^, Voq. 

In this paper we confine ourselves to proving the BRS invariance only at the tree level 
and defer the proof of cancellations between the anomalous one-loop contributions and the 
(LI) - (L5) terms to the forthcoming paper. We, therefore, do not discuss the five terms 
(LI) - (L5) in any detail. But, here, let us just see what types of one-loop diagrams the 
five terms (LI) - (L5) will cancel. This is shown in Fig. || There the examples of string 
configurations are given which need loop counterterms. In each diagram, there are two 
interaction points and, depending on which interaction of the two takes place earlier than 
the other, two different intermediate states appear for a given set of initial and final states; 
the upper paths correspond to the 'tree' terms appearing in (LI) - (L5), respectively and the 
lower paths to the loop diagrams. (Whether the path corresponds to loop or tree diagram 
can be judged by considering whether the momenta of the intermediate states are uniquely 
determined or not when those of the initial and final states are given.) Look at the first 

configuration (LI), for example. The upper path represents a possible configuration for the 

v 

term (U(l,a c )\ (U(2,b c )\ \R c (a c ,b c )} in Eq. (|3-16| ), and the same configuration of the initial 

§ In the previous paper I, we have erroneously claimed that the (L5) term, (Voo\ (Kx>| |-R C ), cancels out 
totally by itself. But actually the configuration shown in (L5) in Fig. |], which corresponds to the case where 
the two crosscap cuts overlap, does not cancel and needs the loop counterterm. 
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(LI) 





Initial V? { j V° Final 





(L5) 






(L2) Oriented 




Ua 



V? 




U 




(L2) Unoriented 

Va , V" 




(L3) Oriented 




Ua 



V2 



(L3) Unoriented 




Va j 



Ua 



Va 





Fig. 3. Configurations requiring the loop counterterms. The upper paths correspond to the 'tree' 
terms appearing in (LI) - (L5), respectively, and the lower paths to the loop diagrams. 



and final strings can be realized by choosing the other intermediate state shown in the lower 
path of the figure, which corresponds to the one-loop (non-planar but orientable) diagram 
constructed by using open 3-string vertices (V£\ twice. This (LI) example is just the same 
one as the Lorentz anomaly in the case of light-cone gauge string field theory mentioned 
above. 

In this section, we prove that the theory has the BRS symmetry at the tree level if the 
parameters A c , A G , x u , x x , Xoq, Xq, x<± and x c in the action satisfy 



X c = 2A Q = km — T JL 

Xoq TLX u AtTXXq^ 

X 4 = 1, 
Xu Xq, 



(4-2) 

(4-3) 
(44) 
(4-5) 
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x c = 8nixa , (4-6) 

where Eqs. (|4-2|) and ( |4-3|) are the relations derived already in the previous paper I. 

The order g terms (Tl) and (T2) in Eqs. (|3-11|) , (|3-12p and the order g 2 term (T3) in 
Eq. (|3-13|) vanish by the BRS invariance of the vertices V^°, U and V£, respectively; each of 



these has no moduli parameters and hence is essentially identical with the corresponding 
LPP vertex which is manifestly BRS invariant by construction. The terms (T6) and (T10) 
in Eqs. (|3T7|) and (|3-22j) , containing only the quadratic interaction vertices U, and Voo, 
were already proved to vanish in our previous paper I if the coupling relations (|4-2|) and 
fl4-3j ) are satisfied. So, we now discuss the remaining eleven terms (T4), (T5), (T7-9) and 
(Tll-16) successively and show that they indeed vanish in the following. 

In this section we will often use the GGRT, which was originally proved in Refs. p3|)and 
f24"|) for the simplest cases of purely open string system. But here we need more general 
formulas. Indeed we have various types of vertices containing closed strings also and must 
treat the contractions of such vertices by closed string reflector \R c (a c , b c )) as well as by open 
one \R°(a,b)). We, however, show in the Appendix B that almost the same form of GGRT 
formulas actually hold for all the cases we need. So we shall use such formulas freely in the 
following. 

4.1. 0(g 2 ) invariance 
4.1.1. T4 terms 

The cancellation of the two terms in (T4) in Eq. (|3-14j) have long been known since 
the first proof by HIKKO in Ref .|30|) . However, we here prove it again to demonstrate how 
much the proof is simplified by the use of our present machinery of LPP vertex. This will 
determine £4 to be 1 in the present definition of the vertex. 

The second term of (T4) corresponds to the gluing of two 3-string LPP vertices {v%\. For 
this simplest gluing, we have the GGRT formula 

(v° 3 (l,2,a)\ K(M,4)| \R°(a,b)) = (v° 4 (l, 2, 3, 4)| . (4-7) 

The (52(1,2,3,4)| is a generic LPP vertex for four open-strings, given by an integration 
of specific LPP vertex (y2^ ai ' a2 ' a3 ' a4 \l, 2, 3, 4)| over the string length parameters ai,a 2 ,a 3 
and 0:4. The specific vertex ^2 < ~ Ql,a2 ' Q3 ' Q4 ' ) | represents the LPP vertices which correspond 
to various ways of gluing of the four open strings depending on the set of the values of the 
parameters a±, 0:2, U3 and a^. The possible 4-string configurations which can be realized by 
gluing two 3-string vertices for all possible choices of string length parameters, fall into three 
types (a), (b) and (c) drawn in Fig. |j. 



17 



(a) (b) (c) 

Fig. 4. The possible three types of configurations obtained by gluing two open 3-string vertices. 

4 4 



1 j, 1 1 ft — " 1 

I = 1 h ft. , h O 1 | * 1 

-x I ^— ^ I 1 I l"l 1 1 

2 1 3 2 

(a-1) (a-2) 

3 4 3 

H I > 1 h 



1 B — 1 ' 1 1 a 1 

h ft , h- 

I -■■ 1 h- 54 1 I '■ 1 I U- 

2 1 2 1 

(b-1) (b-2) 



Fig. 5. Two ways of gluing realizing the type (a) and (b) configurations, respectively. The dashed 
lines denote the intermediate strings. 

Consider the type (a) configuration first, and name the four strings in the (a) configura- 
tion 1, 2, 3, and 4 as drawn in (a-1) in Fig. ||. But this configuration can be realized in two 
ways by using two 3-string vertices as drawn in (a-1) and (a-2) in Fig. |5], where the dashed 
lines denote the intermediate strings a and h which are glued together by \R°(a, b)). So this 
vertex <^ K ' Q2 ' a3 ' Q4) (l, 2, 3, 4)| appears twice in the second term in (T4); Namely, one term 
corresponding to the configuration (a-1) is contained in the second term of (T4) in the form 

-(vf ai ' a2 ' aa) (l,2,a) \ (v° {ab ' a3 ' a4) (b,3,4)\ \R°(a,b)) \&) 



4321 

-(^° (ai,a2 ' a3 ' a4) (l,2,3,4)| |^) 4321 (4-8) 



and the other term corresponding to (a-2) in the form 



-<^>^>(2,3,a)| {vf a ^\bAA)\ \R°(a,b)) |^> 1432 
= -^ 4 ° {a2 ' a3 ' Q4 ' Ql) (2,3,4,l)| |^) 1432 = 4) (1,2,3,4)| |^) 4321 , (4-9) 



where we have used the GGRT ( f4-7|) , the cyclic symmetry of the LPP 4-string vertex (5 4 | 
similar to Eq. ( |2-3|) , and |^) 1432 = — |l? r ) 4321 because of the Grassmann odd property of the 
open string fields |!^). We see that these two terms have opposite signs and cancel each 
other. Consequently, we have proven that the second term in (T4) actually contains no 
terms oc ^^ Ql ' a2 ' Q3 ' Q4 ' ) (l, 2, 3, 4)| corresponding to the type (a) configuration. Similarly, the 
terms corresponding to the type (b) configuration, realized in two ways, (b-1) and (b-2) in 
Fig. [5], can be seen to cancel out in the second term in (T4). (Actually the same Eqs. (^4-8|) 
and ( |4-9| ) apply to the (b-1) and (b-2) terms, respectively, if we name the strings as drawn 
in Fig. ||.) 
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h 
1 
h 



Fig. 6. The unique way for drawing an intermediate string in (c). 




Fig. 7. Two configurations of the 4-string vertex (^4(00) I realized at the end-points ctq = 07 and 
Cj . The dotted lines indicate the intermediate string in the case they are realized by gluing two 
3-string vertices. 



Thus, now only remaining are the terms corresponding to the type (c) configuration in 
Fig. |], called 'horn diagram' by HIKKO.0) Contrary to the previous types (a) and (b), this 
configuration is realized by using two 3-string vertices in a unique way as drawn in Fig. ^. 
Therefore the terms of this configuration must be cancelled by other new contribution than 
the second term in (T4). This is just given by the first term in (T4), as we now see. 

The first term in (T4) can be rewritten as 



(y 4 °(l, 2, 3, 4) I £ QW |^) 4321 = £ f da A ( «(1, 2, 3, 4; a ) | ) |#> 



1321 



;X'l 



dcr 

((^(1,2,3,4;^)! - K(l,2,3,4;a,)|)n^ (r) 1^)4321, (4-10) 



using the property (|2T1| ) that the BRS charge Qb acts on the SFT vertex as a differen- 



tial operator with respect to the moduli parameter. Here we have omitted the unoriented 
projection operators Ylj.=i^ f° r brevity, which we shall do also henceforth without notice 
unless they become important. We immediately recognize that the appearing surface terms, 
( v1(a ) I at the end-points cr = 07 and 0^, just realize the same string-configurations as the 
horn diagram, as depicted in Fig. |7]. The Fig. [F| is drawn assuming that the string 4 carries 
the maximum string length \a\ among the four. Note that these specific configurations with 



|ct 4 | being maximum are contained four times for each with a = 07 and a, in Eq. ( 4-10 ), 
since the labels 1 — 4 are dummy there and the vertex (v1\ is cyclic symmetric. On the other 
hand, in the second term of (T4) using two 3-string vertices, the (c) terms corresponding 
to these horn diagram configurations appear twice for each of 07 and af, indeed, in view of 
Fig. ^, we have the following two terms for the configuration (0/), (omitting the superflces 
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Fig. 



(a) (b) 

Two types of configurations for (U\ (V 3 °\ \R°)- 





Fig. 9. Two ways of gluing yielding the configuration (b) in Fig. ||. 

like («2, 0:3, a a ) of the vertices for brevity, here and henceforth), 

- (v°(2,3,a)\ (v° 3 (b,4,l)\ \R°(a,b)) \W) U32 = +<t$(l, 2,3,4;^)! |^> 4321 
-K(4,l,a)| K(&,2,3)| \R°(a,b)) |^> 3214 = +(^(1,2,3,4;^)! |^> 4321 (4-11) 

by using the GGRT fl4-7|) and = — 1^)4321 e ^ c ' an d ; similarly, two terms of — (v 2(1, 2, 3, 4; a*)] 1^)4321 

for the configuration (ci).0 Therefore, the terms corresponding to these horn diagram con- 
figurations cancels between the first and second terms in (T4), Eq. ( |3-14|) , if the 4-string 
coupling constant 24 satisfies 



-y)x4+(+l)x2 







X4 



1. 



(4-12) 



4.1.2. T5 terms 



The vanishingness of the (T5) terms in Eq. ( |3T5| ) can be proved in a very similar manner 
as in the previous case. 

The second term of (T5) has three possible configurations as depicted in Fig. |3|. The 
type (b) configuration can be realized by gluing the two vertices (U\ and (V^°| again in two 
ways as drawn in Fig. P, and appear in the second term in (T5) in the forms 



(U(a,l c )\ (V£(&, 2, 3)| \R°(a,b)) \<P) 1C \W) W = (5(2,3, l c )| \<P) 1C 
(U(aA c )\ (TO, 3, 2)| \R°(a,b)) |#> la |^) 23 = (5(3,2, l c )| |#> 10 |^> 23 , 



(4-13) 



respectively. Here (^(2,3, l c )| denotes the LPP vertex for one closed and two open strings 
resultant from this gluing. This vertex is cyclic symmetric with respect to the two open 



" Note that, although the first equation here in (4-11) and the previous Eq. (4-9) look the same, 
they actually represent different quantities corresponding to the different regions of string length param- 
eters; here the string fields (i = 1,2,3,4) carry an alternating signs of string length parameters, 
i.e., {ai,O!3>0, a2,a4<0} or {ai,a3<0, a2,a4>0}, while, in Eq. ([4~9|), they carry those in the region 

{oti, Ct2, Ck3>0, Qf4<0} Or {ai, Ot2, «3<0, Q!4>0}. 
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I v 4 I -s 1 | <s 1 

Nv 7 i i 

Fig. 10. Two configurations of (1^(00) I realized at the end-points o"o = 07 and <Tj. 

string arguments, (v(2, 3, l c )| = (v(3, 2, l c )|, since the matrix indices of the two open strings 
are contracted between the two. Since |^) 2 3 = — 1 1?^) 32 , the two terms in (|4-13|) clearly cancel 
each other. 

Remaining are the terms of type (a) configurations, which are again to be cancelled by 
the first term in (T5). The first term of (T5) is rewritten as follows in the same way as in 
Eq. ( FTPD : 



^(^(1,2,3 c )|Qb|^) 3 c|^) 21 



-X{2 



P(Ml,2,3Vo)|Ro, Qb}(&o^) (3C) I<%I^> 2 i 

JlTi 

= -x n {(un{l,2,3 a ] a f )\ - (u a {l, 2, 3 C ; }(b TII)^ |<?>) 3e \W) 21 . (4-14) 
These surface terms (ua(l, 2, 3 C ; cjq) | with <t = cfj and Oi have the same string-configurations 



as the type (a) as drawn in Fig. [H| Each of these terms with the string lengths specified 
and satisfying |a 2 | > |«i| appears twice in this Eq. (|4T4|) . And the corresponding (a) terms 
in the second term in (T5) are given, by the help of GGRT, as 



-2x u (U(a,3 c )\ (V°(b,2,l)\ \R°(a,b)) \<P), C \$) 



12 



-2x u (u n (2,l,3 c ;a f )\ (b VII)^ \$) 3C |#) 



12 ' 



-2x u (U(a,3 c )\ (^(6,1,2)| \R°(a,b)) \<P) 3C \$) 21 

= -2x u (« fl (l,2,3 c ;a-i)| (b^Vn)^ \<P) 3C |!P) 21 , (4-15) 

where we have used the fact that both (V^°| and \R°) are Grassmann odd. Noting that 
(uq(2, 1, 3 C ; o"o) | = {ua(l, 2, 3 C ; tx ) | and |^) 21 = — |^) 12 , we see that these terms in (|4-14j) 
and (|4-15|) exactly cancel each other if 

-x n x2 + 2x u = => x u = x^. (4-16) 

4.2. 0(g 3 ) invariance 
4.2.1. Tl term 

In this case the generic configuration is unique, of the type drawn in Fig. |TT|. Name the 
five strings 1, 2, — , 5 in a cyclic order as shown there. Then, for any single configuration 
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(a) (b) 
Fig. 11. The unique configuration for (V^\ (V£\ \R°) and two ways of gluing realizing it. 

with a definite set of string length parameters a± — a^, there are always two ways to realize 
it by gluing the vertices (V£\ and (V^°|, as shown in Fig. |TT[ The term corresponding to the 
(a) diagram is contained in (T7), Eq. (|3T8|), in the form 



(V£(l,2,a)\ (y 4 °(6,3,4,5)| \R°(a,b))\V) 



54321 



= + (V 3 °(l,2,a)| (1^(6,3,4,5)1 |^ (a,6)}|^) 54321 

(4) 

= + P AxS 4) K(l,2,a)| (vl(b,3,A,h;a^)\b aW \R°(a,b))\W) 54321 

J a 

% 

(4) 

= " [Z da^ (0(12345; a {4) )\ 6^ |^) 54321 , (4-17) 

J (J. 

where 4 means that the anti-ghost factor b a w with string-4 moduli Cg is used as explained 
in Eq. ( |2T5| ), and the identity Q2-14 ) has been used. (0(12345; Cq 4 ^)] is the LPP vertex for 



the five strings resultant from this gluing. Note that the sign change has occured to the last 
expression since we have changed the order of b a w and \R°) before applying the GGRT. 
The term corresponding to the (b) diagram is, on the other hand, contained in (T7) in the 
form: 

(V 3 °(2,3,a)| (17(6,4,5,1)1 \R°(a, 6)) |^) 15432 

= -(V 3 °(2,3,a)| (1^(6,4,5,1)1 |i?°(a,6))|<F> 15432 

£ da {4) (v°(2, 3, a) | «(&, 4, 5, 1; aj 4) )| 6^ \R°(a, b)) |^> 54321 

i 

(4) 

+ IZ da { 4) (0(12345; aj 4) )| b ffW |^) 54321 , (4-18) 

J a 



where the cyclic symmetry property of the LPP vertex (0 (12345; <J^)\ and 



15432 



— + 1^)54321 nave been used. The negative sign here has appeared since the identity (|2-14j) 

says 

(V?(b\ 4,5,1)| = -(l?(6,4,5,l)|. (4-19) 



Thus the two contributions ( |4-17| ) and ( |4-18| ) cancel each other, proving that (T7) vanishes. 
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4.2.2. T8 terms 

Generic configurations resultant from the contraction of two vertices {Uq\ and {V^\, or 
(U\ and {V£\, fall into three types, (a), (b) and (c), depicted in Fig. [T2], each of which is 
realized in two ways as also shown in Fig. |T2|; only (c-2) diagram is given by gluing (U\ and 
(V£\ and all the others are by gluing (Uq\ and (V 3 °\. As in the previous cases, cancellations 
occur between the two ways of gluing in each pair. Denoting the LPP vertex resultant from 
this gluing by (-5(123, 4 C )| generically, the pair of (a-1) and (a-2) is contained in (T8) in the 
following form: 



(a-1) : 

2x^(1, a, 4 C )| (V°(b,2,3)\ \R°(a, &)) |*) 40 |^> 321 

= 2x n J da { 1] (« fl (l l o l 4 c ;4 1) )|6 <T w(6b^) ( *° ) <«§(6,2,3)| \R°(a,b)) |^> 321 

= 2x Q J da® (€;(123,4 C )| 6 ff(()1) (6 -p) (4C) |*) 4 . |^) 321 
(a-2) : 

2x^(3,a,4 c )| (V°(b, 1,2)| \R°(a, b)) |<2>> 4C |^) 213 

= 2x n J daf ] (^(3,a,4 c ;4 3) )|6 CT ( 3) (6 P) (4C) K(6,l,2)| \R°(a,b)} \$) v \V} 213 

= 2x a J daf ] (5(123, 4 C )| 6 ff ,3)(6oP) (4C) \<P) 4C \W) 213 . (4-20) 
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Although the states have the same sign |^) 2 i 3 = + 1^)321 > the anti-ghost factors have opposite 
signs, / da^b CT (3) = — J da^b a W since the increasing directions of and Oq are opposite 
in order to keep the common configuration, similarly to Eq. ( p-14| ) in the open 4-string vertex 



case. Thus (a-1) and (a-2) cancel each other. The same equations ( [4-20[ ) also apply to the 



(b-1) and (b-2) diagrams, respectively, if we name the strings as shown in Fig. [1^, so that 
the (b) configuration also cancels out. Cancellation between (c-1) and (c-2), on the other 
hand, occurs if the condition 



Xq = X u X4, (4-21) 

holds. Indeed, (c-1) diagram is contained in (T8) in the form 

2x a (U a (2,a,4 c )\ (V 3 °(b,3,l)\ \R°(a, b)) |<2>) 4C |^) 132 

= 2x n J dag* K(2,a,4 c ;4 2) )|6 ff ( 2) (6 P) (4C) K(6,3,l)| \R°(a,b)) |<2>> 4C |^> 132 

= 2x Q J dag 1 * (v(123A c )\b^(b vf C) \<P) 4C \¥) m (4-22) 

while (c-2) is contained in (T8) in the form 

-2x u x 4 (U(a,4 c )\ (V 4 °(M,2,3)| \R°(a,b)) \$) 4C \V) 321 
= -2x u x,(U(a,A c )\ (V A °(b, 1,2,3)| \R°(a, b)) |$) 4C ^> 321 

= -2x u x, J daft (u(a,4 c )\ (b Vf C) (v2(b,l,2,3;4 2) )\b a ,2 } \R°(a,b)) \$), c |^) 321 
= -2x u x A J da® (i)(123,4 c )| 6 ct ( 2) (6 P) (4C) |<2>> 4c |^) 321 . (4-23) 

Here use has been made of the Grassmann oddness of (i> 4 | and |-R°). The required condition 
( |4-21|) is actually satisfied by the relations £4 = 1 and x u = xq already determined in 
Eqs. |F12|) and ( gTBfl . 



4.2.3. T9 terms 

The generic configurations obtained by contracting the vertex (U\ with { V^ c | or (JJq\ fall 
into two types, (a) and (b), depicted in Fig. |H| Again each of them are realized in two ways 
as also shown in Fig. |13[ As in the previous cases, cancellations occur between (a-1) and (a- 
2), and (b-1) and (b-2). Denoting the LPP vertex corresponding to the glued configuration 
(a) in Fig. [13] by (v(l, 2 C 3 C ; <tq)|, the pair of diagrams (a-1) and (a-2) are contained in (T9) 
in the following form: 

(a-1) : 

x u x c (U(l,a c )\ (K 3 C (6 C ,2 C ,3 C )| \R c (a c ,b c )) 1$)^^), 
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(a-1) 



(a-2) 






(b) ~ (b-1) " (b-2) 

Fig. 13. Two configurations exist for (T9) terms. 



x u x c ( M (la c )|(^(6 c 2 c 3 c )| 6b m [ ^-e^-^U (b vf C) \R c (a c b c )) W^Wi 

J 171 r=2,3 

u xJ^- ( W (la c )|(^(& c 2 c 3 c )| e ^- £ ) (bO) |^(a c 6 c ))6 - (6C) n fcV)^ W,^), 

' Z7F r=2,3 



(4-24) 



r=2,3 



(a-2) : 

-2x Q x u {U Q {l,a,2 c )\ (U(b,3 c )\ \R°(a, b)) |<2>) 3C2C 1^ 

= -2x n x u j da (u a (la2 c ; a )\ b ao (b vf C) (u(b3 c )\ (b vf C) \R°(ab)) |<Z>) 3C2C 
= +2x a x u Jda (u Q {la2 c -a )\{u{b3 c )\\R\ab))b a ,XKV^ 

= +2x Q x u j da (v(l, 2 C 3 C ; a )\ b aQ J[ (b o rf C) \<P) 3C2C , (4-25) 

r=2,3 

where some of the commas in the string arguments of the vertices are omitted for brevity, 
and we have used the Grassmann oddness of \R°) and the GGRT. The resultant LPP vertices 



for the glued configurations (a-1) and (a-2) are clearly the same (See Fig. |T4] at r = 0): 



(i5(l,2 c 3 c ;0)| = (5(1,2 C 3> )| for a b ,9 = a . 



(4-26) 



— (b c ) 

We, therefore, have only to compare the anti-ghost factors b and b ao appearing in 
Eqs. ( 4-24|) and ( 4-25Q , respectively. This comparison is actually very similar to that per- 
formed already in the previous paper I for the cancellation of (T10) between (U\ (V x \ \R°) 
and {U\ {Voo\ \R°). For this purpose, look at the p-plane diagrams drawn in Fig. [H], where 
the figures represent the configurations which reduce to the present ones (a-1) and (a-2), 
respectively, as the time interval r goes to zero. First as performed in the previous paper, 
the anti-ghost factor b^ ^ is replaced by &q ' = b^ ' + (o^c/c^O^o + ( a b c / a 3 c )bo ^ ■ 



This is possible since b ^ ^ and b Q (0 ' are zero in front of the factors n r =2 3 (&o ' present 



"(3 C ) 
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a b cB 




Ci * 

f 

Ci 
Ci 



w -C 3 




(a-1) 



Co 



|- X 




1" : 






3 C 












l"* Ooj 





(a-2) 



Fig. 14. /> planes for the diagrams which reduce to (a-1) and (a-2) in Fig. 12 at r = 0. 
in Eq. Qjjgg) . Then note that 

1 / r An... , , \ 
a.h. 



2 17 2ni Kl 



27TZ dp r 

where we have used the fact that the p coordinate is identified with p = a r p r -|-const in the 

~— (b c ) 

region of string r. Hence b can be seen to reduce to the following expression by making 
a deformation of the integration contour: 



bo 



-a b c 



\ dp_ 

d+Cz-Ca Jc*+c*-c*J 2m 



Kp) 



Co 



c* 2m 



' P Kp) = -\ a & (b P0 - b p *) , 



(4-28) 



where the contours Ci and C* are shown in Fig. 13 



On the other hand, the anti-ghost factor b ao appearing in Eq. ([4-25 ) is written in the 
form 



using dpo/do~o = i and dp^/dan = —i. Therefore, ( |4-24j ) and ( 4-25 ) cancel each other if 



^ de 

/o 2tt V 2 



~2%x qx u 



dan ■ ■ ■ 



(4-30) 
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(a) ' " (b) 

Fig. 15. The unique configuration for (Til) term. 



since the integrands are the same for a^O = a by Eq. (|4-26|) . If we note the relation 
ctftc = a>i/2 (since the strings b c and 1 are closed and open strings, respectively, in the (a-1) 
case) , we see that the integration regions on both sides in Eq. ( |4-30| ) coincide, a&c J 27r d9 = 
Jq i7T d(otbc9) = Jq 17T d<Jo, and thus the cancellation is complete if 

1 

- —x c = -2%x Q =>> x c = 8nixa ■ (4-31) 

47T 

The cancellation between (b-1) and (b-2) is also seen in quite the same way and thus (T9) 
has been proved to vanish. 

4.3. 0(g A ) invariance 
4.3.1. Til term 

This (Til) term has already been proved to vanish by HIKKO.© The configuration 



obtained by contracting two (V^°| vertices is unique, of the type drawn in Fig. 15. Name the 
six open strings 1, 2, — , 6 in a cyclic order as shown there. For any single configuration with 
a definite set of string length parameters «i — a^, there are always two ways to realize it by 
gluing the vertices (V£\ and (V£\, as also shown in Fig. [TJ]. The terms corresponding to the 
two configurations (a) and (b) are contained in (Til) in the following forms, respectively: 



<VT(l,2,3,a)| (W, 4,5, 6)| \R°(a,b))\V) 



654321 



654321 



= (-) 2, 3, a) | (-) (V 4 °(b, 4, 5, 6) | \R°(a, b)) |^> 654321 

= +Jda^ daS 6) (u2(123o;4 2) )l^w<«4(W56;^ 6) )|6 ff (6)|i2°(a6)) |#) 
<V?(2,3,4,a)| (1/ 4 (6,5,6,1)| \R°(a, b)) |^) 165432 

= (VT(2,3,4,a)|(+)(K 4 °(6,5,6,l)| \R°(a, b)) (-) |^> 654321 

= -J da^da^(vl(23Aa; af)| b^ «(6561; af>)\ b^ \R°(ab)) |^> 654321 . (4-32) 

Note that the minus sign in the last expression has come from |$ r ) 1654 32 = — 1^)654321 > gi vm g 
the relatively opposite signs between the two terms. Apply the GGRT to both terms there. 
Then, clearly, they yield the same LPP vertex (-5(123456; cr^)\ keeping the relatively 
opposite overall signs, so that they turn out to cancel each other. 
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4.3.2. T12 term 

There appear two distinct configurations when contracting the vertices (Uq\ and (V£\ 



which are the types (a) and (b) given in Fig. 16. Again they are each realized in two ways 
as also drawn in Fig. |16[ The terms of the diagrams (a-1) and (a-2) are contained in (T12) 

3 3 





(a-1) 




(a-2) 





1 II 
(b-1) 

Fig. 16. Two configurations for (T12) term. 



(b-2) 



in the following forms, respectively: 

(%(l,a,5 c )| (1^(6, 2, 3, 4) | \R°(a,b))\<P) 5c \V) 4321 
= M^a^lb^ K(6234;4 3) )|6 ct( 3) \R°(ab)) \<P), C 

"o "a 

(%(3,a,5 c )| (V 4 °(6, 4, 1,2) | \R°(a,b))^) 5c \^) 2U3 
= ( M ^(3a5 c ; ^ 3) )| 6 w «(6412; a^)\ 6 w \R°(ab)) |<2>> 5C \9) 

where the common integration symbols J da$ da^ have been suppressed and use has been 

I 

made of (V£(b, 2, 3, 4)| = + (V^[b, 2, 3, 4)| . In this case, the states are the same, |^) 432 i = 
1^)2143' an d the GGRT gives a common LPP vertex for the glued configuration (a), but the 
orders of the anti-ghost factor b a mb are opposite between the two. They thus cancel 



1321 



2143 ' 



(4-33) 



(4-34) 



each other. For the case of (b) configuration, (b-1) term is given by the same Eq. ( 4-33 ) 
while (b-2) by 

(^(2,a,5 c )| (Vy(&,3,4,l)| |J2°(a, 6)) |<2>> 5C \W) 1432 
= M2a5 c ; <rf >)| 6 ff , (2) «6341; ^ 3) )| (-6^) \R°(ab)) |^) 1432 , (4-35) 

with the symbol / <icr da Q suppressed again. Comparing the diagrams (b-1) and (b-2), 
we see that the interaction point <r here of (wj?(2, a, 5 C ; cr )| is the same as that of 
(uq(1, a, 5 C ; ctq )| in Eq. ( f4-33|) so that b a 'W = —b a m (directions are opposite). Therefore 

the anti-ghost factors are the same between them, b „m (—6 _(3)) = b „mb _(3), but the states 

o 

have opposite signs, |^) 1432 = — 1^)4321- Thus (T12) is also proved to vanish. 
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a b 
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1° 






\ 1 
•J 


\l 






u 




f 9fc ! 





4 C 











J 





(b-l) 



(b-2) 






(c) (c-1) (c-2) 

Fig. 17. Three configurations for (T13) term. In (c-1) and (c-2), the bonds connecting the solid 
dots and solid squares denote the 1 C -2 C and 3 C -4 C interaction points, respectively. 

4.3.3. T13 term 

This term was already analyzed intensively and shown to vanish by HIIKKO.0) So let 
us show this fact in our terminology briefly. 

The generic configurations obtained by gluing two closed 3-string vertices (V 3 C | fall into 
three types, (a), (b) and (c), in Fig. [17], each of which is realized in two ways of gluing, as 
also shown there. The (a-l) and (a-2) terms for (a), (and (b-l) and (b-2) for (b) as well, if 
the strings are named as shown in Fig. [17],) are contained in the (T13) term, ( |3-25| ), in the 
following forms, respectively: 

(V 3 c (l c ,2 c ,a c )\ (\/ 3 c (6 c ,3 c ,4 c )| | J R c (a c ,6 c ))|^) 4C3C2clc 

r df) - c 

= («g(l B ,2 c ,a°)| (v c 3 (b c ,3 c A c )\bo (bC) J -^e^ L -V {b) \R c (a c ,b c )} 

x II (W (rC) I^Wic (4-36) 

r=l c ,2 c ,3 c ,4 c 

(V 3 c (A c ,l c ,h\ (V 3 c (d c ,2 c ,3 c )\ \R c (c c ,d c ))m 3C2clc4c 
= (^(4 c ,l c ,c c )| (vl(d c ,2 c ,3 c )\b^ dc) J^e^ L -^ (dC) \R c (c c ,d c )) 



x n (w (rC) ^) 3 c 2C1 c 4 c 

r=4 c ,l c ,2 c ,3 c 



(4-37) 



29 



The external states and the b ^ r ^ factors associated with them are common as a whole to 

(r c ) (r c ) 

these two terms; n r =is2 c ,3 c ,4 c V>qV) = - rir=4 c ,i c ,2 c ,3 c (&o V) and |^) 4 c 3 c 2 c 1 c = - |^) 3 c 2 c 1 c 4 c. 
So the sign difference should come from b and b . By a similar reasoning to the (T9) 
(a-1) case, these anti-ghost factors can be converted into 

bo m => - b Pt ) , 6b {dC) =► -\a dc (b P0 - b p *) , (4-38) 

in the presence of 6q ^o^ 2 an d °f &o ^ respectively, where 6 P0 = § c (dp/2n) 
b(p) is the anti-ghost factor corresponding to the shift of the 1 C -2 C string interaction points 
drawn in Fig. [17] (and b p * is its anti-holomorphic counterpart). On the other hand, com- 
paring the diagrams (a-1) and (a-2), and (b-1) and (b-2), we easily see that these pairs of 
diagrams realize the same glued configurations when the twisting angles 9b and 9 d of the 
intermediate closed strings satisfy the relation 

a b 9 b = -a d 9 d (4-39) 

if the origins of #'s are chosen suitably. Therefore, to keep the same glued configurations, the 
increasing directions of 9b and 9 d are opposite, and the opposite signs (as well as their weights) 
between b and b in Eq. ( 4-38|) reflect this fact. Note that the (a) configuration, by 
definition, corresponds to the twisting angle regions — a\7c < ab9b < olyk and — «i7r < a d 9 d < 
a.\K for (a-1) and (a-2) diagrams, respectively, and that the (b) configuration corresponds to 
the twisting angle regions —{a.\ — 1 0:4 1 ) 7r < a b 9 b < ( a i ~ l^l) 71 " and — («i — |« 4 |)7r < a d 9 d < 
(cti — |a4|)7r for (b-1) and (b-2) diagrams, respectively. We thus have shown that (a-1) and 
(a-2) terms, and (b-1) and (b-2) as well, cancel each other between these integration regions. 

If the twisting angle 9 b in the (b-1) diagram exceeds the above limit and falls into the 
region (oti — |ot4|)7r < a& \9b\ < («2 + |ck3 | )7r (note that |a4|) + 2a2 = Qt2+|at3|), then (b-1) 
diagram turns into the (c) configuration. The (c-1) and (c-2) diagrams in Fig. ^ correspond 
to the positive and negative 9b, respectively, in this region. Then it is clear from the figure 
that the 1 C -2 C string interaction point of (c-1) corresponds to the 3 C -4 C string interaction 
point of (c-2) and vice versa. But, if the anti-ghost factor b ^ is expressed by b Po of the 
3 C -4 C interaction point, it has an extra minus sign relative to the above 1 C -2 C interaction point 
case (see the (b-1) diagram), which again reflects the fact that the increasing directions of 9 b 
and —9b (realizing the same configuration) are opposite. Thus (c-1) and (c-2) are also seen 
to cancel each other. 

4.3.4. T14 terms 

There are 5 relevant configurations in this case, (&) 

(e), shown in Fig. |TS|, each of 
which is realized in two ways as also drawn there. The terms (a-1) and (a-2) for (a), and 
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A 2 B 
(a-1) 



3 C ; 
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(b-1) % 




(a-2) 




'7) 

(b-2) 






(c-1) 




(d-1) 





(c-2) 




(d-2) 




(e-2f^ 



Fig. 18. Five configurations for (T14) terms. 



(b-1) and (b-2) for (b) as well by naming the strings as shown in Fig. [18], are contained in 
the first term in (T14) in the forms 

(U n (l,a,3 c )\ (U n (b,2,4 c )\ \R°(a, b)) |<£> 4c3c |#) 21 

= (^laSVS)!^-) K(624 c ;4g)|6f( 2) \R°(ab)) |<Z>) 4C3C |^) 21 
(l^(2,a,3 c )| (U n (b,l°4 c )\ \R°(a,b))\$) 4c3c \W) l2 
= (u n (2a3 c ; # 2) (-) K(W4 C ; ff g>)| 6f (1) |JT»(a&)) |<?> 4C3C |#> 12 



(4-40) 



respectively, where the integration symbols / da^da^ are omitted, (Ua(b, r, 4 C )| = (— ) (Un(b, f, 4 C )| 
with r = 1 and 2 have been used, and the labels A and B attached to the anti-ghost factors 



to distinguish the two interaction points appearing in Fig. |18[ So despite the appearance, the 
anti-ghost factors have the same signs between the two terms, b A (\)b B (i) = b (2)b B (i), since 
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we have b (i) = —b A (2) and b B (2) = — The states, on the other hand, have opposite 

<T <T (T (T 

signs, 1^)21 = — I^)i2) an d hence the (a) and (b) terms vanish in (T14). 

The cancellations in other two cases of (c) and (d), are those between contractions 
(U n \ (U n \ \R°) and (U n \ (V 3 C \ \R C ). The terms (c-1) and (c-2), (and (d-1) and (d-2) as well, 
if the strings are named as shown in Fig. ITR) are contained in the first and second terms in 
(T14) in the forms 

-4(f^(l,a,3 c )| (U Q (b,2,A c )\ \R°(a,b))\<P) AC3c \V) 2l 
= -x 2 n J da^da® (uniha^a^lb^iboV)^ 

x(-) K(6,2,4 c ;aS 2) )|6 CT , 2) (6 -p) (4C) \R°(a,b)} |<Z>) 4C3C \W) 21 

= +x 2 a I da^da^ (v(123 c 4 c ; b^b^ I] (6b V) {rC) \<P)^ c W) 2l (4-41) 

J 00 r=34 

- lx n x c (Un(l,2,a c )\ (V 3 c (b c ,3 c ,4 c )\ \R c (a c , b c )) |<Z>) 4C3C \¥) 21 
= - \x Q x c {-) J da^ (Mj7(l,2,a; ao 2) )| 6 ct (2) 

x (vl{V^A c W bC) I d ±e^-^ n (b-vr\R\a\V)m^) 2X 

J Z7F r=3,4 

= + \x Q x c f d*<?>£ (d(123% c ; 0)\ b^b, (fcC) I] {KVfM^WU , (4-42) 

Z7F r=3,4 

respectively, where a care has been taken of the signs and the identities similar to (|2-14|) 
have been used for (Uq\. Here the LPP glued vertices denote 

^(m^vSVS 15 )! = (unila^a^l (u n (b2A c ;a^)\ \R°(ab)) 

(£(123 C 4>S 2) ,0)| = (u Q (12a c ; aj? ] )\ (v c 3 (b c 3 c A c )\ e^"^' \R c (a c b c )) . (4-43) 

By drawing the p plane diagram corresponding to the present configurations (c-1) and (c-2) 
as shown in Fig. [19], we see that the glued configurations, and hence these LPP vertices, 
coincide with each other when and 9 satisfy a relation: 

(i5(123 c 4 c ;<7o 2 \0)l = ^(m^VoVo 15 )! for <xv>9 + \a 2 \ n - ajp = . (4-44) 

So, in view of Eqs. ( |4-41| ) and ( |4-42| ), we must again compare the anti-ghost factors b a w and 
b ■* appearing there. This is actually quite the same situation as encountered in (T9) case 



above. Indeed, if we compare the p plane diagrams Fig. |19] for the present case and Fig. [14 



for the (T9) case, we can see an exact parallelism. Therefore, from Eqs. ( 4-2SQ and ( [4-29 ). 
we have the equality 

c 1 1 

&o = (b P0 - b p *) = +-ia b cb a w . (4-45) 
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Fig. 19. p planes for the (c-1) and (c-2) diagrams in Fig. 18 



and we also see that the full region of (c-2) with < 9 < 2tt corresponds to a part of the 
region of (c-1) with ctq 1 \ 



II ( 2 ) ^ W ^ I I ( 2 ) 



(446) 



(The same is true also for the configuration (d): the full region of (d-2) with < 9 < 2tt 
corresponds to a part of (d-1) in |a 2 | vr — Oq < < |ori | 7r — .) Thus the two terms in 
these regions in Eq. ( |4-41| ) cancel each other if 



J\a 2 \TT— 



^ d9 1 
--xqx c I —-ia b c 
2 Jo 2% 2 



(447) 



holds. That is, since a^d9 = da^\ we find 

1 



Xq = -IX C 



>7T 



iTiixn, 



(448) 



the same condition as Eq. (|4-31[) obtained above. 

What happens, then, to the configuration (c-1), or (d-1), if goes outside the region of 
Eq. (|446|) ? Consider the case (c-1) first. A little inspection of the diagram (c-1) in Fig. [18 



(or in Fig. [19|) shows that it yields the configurations (e-1) and (e-2) for the regions 

(e-1): < l«i| 7T - <xS 2) < a® + |«|| 2vr 

=> (|ai| — 2 |a||)7r < +4 2) < |«i| 7T , 
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(e-2): 7r — erg 1 '' < < |ori[ tt — + \a%\ 2ir 

=> \<xi\n < 4 1} + ff o 2) < (|«i| + 2 lagDTr . (4-49) 

and the configurations (b-1) and (b-2) for the rest regions < (|ai| — 2 |ck§[)7T — and 
cr o 1 ' ) — + ^ | CK3 1 ) 7r — (Tq 2 ' ) . Consideration of the configuration (d-1) shows that the whole 
region outside (|4-46|) yields (a-1) and (a-2). The configurations (a-1) and (a-2), as well as 
(b-1) and (b-2), have been shown to cancel with each other already in the above. 

Let us now show that the two configurations (e-1) and (e-2) also cancel each other. 
We already know from Eq. ( [4-49 ) that the two configurations (e-1) and (e-2) come from a 



single term (|4-41|) in different regions of the two parameters (<J^\ 0q ). Moreover, from the 
diagrams (e-1) and (e-2) in Fig. [18|, they clearly give the same glued configuration (e) when 



4 2) ) m (e-1) <-> (|a 2 |7r-4 2) , |aik-4 1} ) in (e-2), (4-50) 



which indeed gives a one-to-one mapping between the two regions ( 4-49 ) for (e-1) and (e-2). 
And thus the anti-ghost factors also have the correspondence 

(6 (1 ), 6 (2) ) in (e-1) <-> (-6 (2 ), -fe w) in (e-2), (4-51) 
"0 "0 

where the minus signs come from the fact that the increasing directions of Og are opposite 
between the two. Therefore, the anti-ghost factor b a (?)b a w in Eq. ( |4-41| ) is the same but has 
opposite order for the two configurations (e-1) and (e-2), so that they exactly cancel each 
other. 

4.3.5. T15 term 

When contracting (V£\ and (V^l, there appear two glued configurations, (a) and (b), as 
drawn in Fig. [20| For the former configuration (a), it is easy to see the cancellation between 
the two way gluing (a-1) and (a-2) giving a common configuration: they appear in the (T15) 
term ( 3-28Q in the following forms, respectively: 



v 



(V 3 c (l c ,2 c ,a c )| (Ko(6 c ,3 c )| | J R c (a c ,6 c ))|^) 3c2clc 

(v c 3 (l c , 2 C , a c )| ( VoD (b c , 3 C ; a )\ b ao b m e^ L - L ^\b vf C) 

In 

>(r°) 



d6 h 

R c (a c ,b c )) 1] (W (r °>>3c 2 cic 



x 



r=l,2 

= f^(i{rr^oM\K b, {bC) n (6oP) (r >) wl c (4-52) 

J Z7r r=l,2,3 

(K 3 c (2 c ,3 c ,c c )| (Voo(dM c )| |it: c ( C c ,c/ c ))|^) lc3c2c 
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= /f^(2 c ,3 c ,c c )| (^(rfM> )|6 CTO 6 (dC) e^^) (dC) (6 P) (1C) 
x \R c (c c , <F)) J] V) {rC) |^) lc3 c 2c 

r=2,3 

= /^(^(l c 2 c 3 c ;ao,^)|6 CT0 6 (dC) II (ifP) M |#> m . , (4-53) 

J Z7F r=l,2,3 

where the LPP vertices for the glued configurations are defined by 

(5(l c 2 c 3VoA)| = (^(l c ,2°,a c )| («oo(6 c ,3 c ;(To)|e^^- £ ) (iC) \R c (a c ,b c )} (4-54) 

and similar one for (v(l c 2 c 3 c ; ao, 0<f)|. For the common configuration (a), the anti-ghost 
factor b ao coming from the (V^o| vertex is common between the two terms ( f4-52| ) and ( |4- 53| ) . 

— (b c ) —(d c ) 

So we have only to compare the anti-ghost factors b and b .By the same method as 
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used in the (T9) term around Eq. Q4-28|) , they can be replaced by 



bj b "> =f ^(£ i+Ci+Cj - a - h -)^ i '(p) = +i|^l(6 M -6 ( , : ) 

=* \°* (Lc, + c, - ah ) S>> = ("» - '*) • (4 - 55) 



where the contours Cb, Cd and Cj (z = 1, 2, 3) are drawn in Fig.|20| and 6 Po = § c (dp/2m)b(p) 
with the contour encircling the 3-closed-string interaction point po = ioiiir. We have used 
the fact that = \a 3 \ > and = —a.\ < (or a 6 c ■ < 0, more generally). Because of 
this the anti-ghost factors 6q ^ an d &o \ with integration measures (i(|a 3 | 6*?,) and ^(ai^), 
respectively, are equal but have opposite signs. This reflects the fact that the intermediate 
closed strings in the two configurations (a-1) and (a-2) must be twisted to the opposite 
directions (by amounts \a 3 9b\ = \ai9d\), in order to keep the common glued configuration as 



seen in Fig.^Uj. Thus the two terms (a-1) and (a-2), ( |4-52| ) and ( |4-53 ), cancel each other 



Note however that this cancellation occurs between (a-1) in the restricted region 

— OL\TX + (To < | Ct3 1 6b < OL\TX — O"o (4-56) 

and (a-2) in the full region — n < 6 d < ir. If the twisting angle 9b comes into the regions 

R + : a\7v — o"o < \a 3 \ 6b < ai7r + <jq 

R- ■ — («i7r — (T ) > \a 3 \ b > — («i7r + (T ) (4-57) 

then the cross cap occupying the region Imp e [ |a 3 | 8b — (To, \a 3 \ 9b + &o } on the p plane 
overlaps with the 3-closed-string interaction point po = ±«ttivr, and the resultant configu- 
rations become of the types (b-2) and (b-1) in Fig. respectively. One easily recognizes 
(b-1) to be the configuration in R_ region, but (b-2), at first sight, might not look like the 
configuration in the R + region. However, if one redraws the (b-2) diagram in Fig. |2(] by 
exchanging the places of two handles y and z, then the self-intersecting point of string 3 
originally present at the bottom comes to the top in the diagram and can be recognized to 
be really the configuration in the R + region. 



From the (b-1) (or, (a-1)) diagram in Fig. |2(| the lengths of the handles x and y of the 
(b-1) diagram in the region R_ are found to be 



x 



«i7r + (T +\a 3 \9 b , y =-\a 3 \6 b + a — oc-y-K , (4-5£ 



where we have put the superfix — to 9b and o"o in this R case for distinction from the R + 
case below. Note that 9 b < in this region Similarly, taking account of the exchange of 
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the y and z handles explained above, the lengths of the handles x and y of the (b-2) diagram 
in the region R + are found to be 



x 



OL\1X 



CTn 



l«3| O. 



b ■ 



2a 2 n — (\a 3 \9b — a\K + crj 



(4-59) 



So, in order for the (b-1) and (b-2) give the same glued configuration, these lengths must 
coincide, \x~\ = \x + \ and \y~\ = \y + \, from which we find the correspondence: 



(1) (2) o • I I (2) 

with pJ2 = i(\a 3 \ 6f - <Jq), 



-n {1) 

.(2) 



(4-60) 



Here p^ = i(\a 3 \ 9 b — o~ ) and = i(\a^\ b + °"o) are the coordinates of the two end-points 
of the cross cap on the p plane. However, we should note that the LPP vertices with these 
parameter sets (op", 9 b ) and (erg", 9 b ) are not equal. This is because the orientation of string 
2 C has been reversed in the above exchange process of the x and y handles, and so the precise 
relationship between the LPP vertices for these two configurations is given by 



v(l c 2 c 3 c ; a+,9+ 



v(l c 2 c 3 c :a 



> u > u b 



(4-61) 



with the understanding that the parameters (a^ , 9 b ) and (cr , 9 b ) are related with each 
other by Eq. ( ggj ). 

Since both (b-1) and (b-2) come from the same (a-1) term, we have now only to compare 
the relative sign of the the anti-ghost factor b ao bQ in Eq. ( |4-52|) for the two cases of R^ 1 
with the angle relations (|4-60|) . As was performed explicitly in the previous paper for the 
glued vertex (U\ (V^l \R C ), the anti-ghost factor b aQ b can be replaced by b p wb p (2) up to 
an irrelevant proportionality factor (independent of 9 and cr ), where b p w and b p m are the 
anti-ghost factors corresponding to the shifts of the two end-points p and p^ of the cross 



cap (see the diagram (a-1) in Fig. ^0|). This can be easily understood: b ^ is essentially the 



anti-ghost factor for the shift of 9 b and hence b ^ b ' oc (b p m + b p w), and b ao is the anti-ghost 
factor for the shift of a and hence b ao oc (b p w — b p C 2 )). Thus the product gives cx b p wb p (2). 
Coming back to the comparison of the anti-ghost factor b ao b , from the angle relations 
I l ilij). we are tempted to immediately write 



b (i) 

Po- 



b wb (2) 

Po- Po- 



+b wb (2) 

Po+ Po+ 



(4-62) 



But these are not quite correct. This is because the p planes for the two cases of R^ equal 
with each other only under the twist operation O^- 2 ', as noted in Eq. (|4-61|). Therefore, the 
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z 
y 



p (2) 



w 



y 1} - 



y 

w 



w* 

X" 

y 



y* 



z* 



Fig. 21. Integration contour for b (2) on the p plane of (v(l c 2 c 3 c ; at, dt 



precise form of Eq. ( 4-62 ) reads 



Q^rh m Q^ c ) = + b (2) 

Po- Po+ 



Pa- 



q^~\ m b( 2) n^ = +b m b 



Pa- Po 



- (2) 

Po+ Poi 



— (r c ) 

These hold in the presence of the factor nr=i c ,2 c ,3 c v ) o'P) ■ Indeed, these relations can be 
directly confirmed by comparing the integration contours (of '8' shape across the cross cap 
cut) defining the anti-ghost factors 6 p co (i = 1,2) on the two p planes for cases. (See 
Figs. [21] and |22] to confirm the equality 1 b p wQ^ = +b p W, for instance.) Hence, 

together with Eq. ( |4-61| ), we obtain 



(4-63) 



(5(1 C 2 C 3V +A+) b m& P) = + (5(1 C 2 C 3 C ; a , 0^) bmb m {2^ 



Pb+ Pq+ 



Pb- Pb- 



(4-64) 



There appears no relative minus sign unlike the cases up to here. However, we should note 
that fel 2) is odd under i.e., Q^^b^ f2^ = 



'(2) 



so that we have a relative minus 



sign: 



£(1 C 2 C 3>+A + 



bmbm II (b V) 



(r c ) 



1 C 2 C 3> - e^b^bip II (b»vf C) rt 2C \ 



(4-65) 



r=l,2,3 



The on the right-hand side disappears in the actual vertex since unoriented projection 
operators il^ = (1 + J?M)/2 are acting on each external string. We thus have shown the 
cancellation of (b-1) and (b-2) terms, finishing the proof for the complete cancellation of 
(T15) terms. 
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(a) (b) 
Fig. 22. (a) Integration contour for b (i) on the p plane of (t>(l c 2 c 3 c ; aZ , BZ)\. Going to (b), the 

p plane is rearranged first by twisting the closed strings 1° and 3° by an amount \x\ (a length 
of the x region), and then by exchanging the regions x+y <-> y*+x* of string 2 C (i.e., acting 
J?( 2C )). The resultant plane (b) becomes the p plane of (v(l c 2 c 3 c ; an , 0Z)\ & 2C \ The integration 

contour for b (i) on this plane is seen to coincide with that of b (2) in Fig. E^l] by deformation 

Po- f>o+ 

after adding b Q ^ \ 



4.3.6. T16 terms 

The generic configurations resultant from the contraction of the two vertices {Uq\ and 
(Vex |, or (Uq\ and (V^l, fall into four types, (a), (b) (c) and (d), depicted in Fig. Only 
(b-2) is given by gluing (Uq\ and (V^l and all the others are by gluing (Uq\ and (V^|. As 
always, cancellations occur between the two ways of gluing for a given type configuration. 

The type (a) configuration is realized by (a-1) diagram at r = in Fig. ^3] in restricted 
regions with < Ox < < ctq or 2«2 c 7r + Cq — — °2 — Ic^l 7 ^ and by (a-2) 
diagram in the region satisfying < Ox < < 0q or < a[ d ^ < < cvi7T. The 
terms (a-1) and (a-2) are contained in the first term in (T16) in the forms 

(U n (l,a,2 c )\ MM) I \E°(a, &)) |<2>) 2C |#) 31 

= / da^daPda^iuniha^a^lb^iboVf^ 

J °o 

x MM; I I#°M)> |<2>) 2C |#) 31 (4-66) 

°1 °2 

(%(3,c,2 c )| (y K (d,l)| \R°(c,d)}\<P} 2c \V} 13 

= [ dafhafhaf 1 (ua^c^a^b^V)^ 

J °0 

x M^l;^, ^JI^W^w l-«°(c,d)> l^>2c I^)i3 (4-67) 

12 
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From the diagrams (a-1) and (a-2) at r = in Fig. £3|, we see that the increasing directions of 
cr are opposite for strings b and d, and also for strings 1 and 3, so that we have b a w = —b a w ; 
b Ad) = —b„(b) and 6^(3) = —b„w. Thus the products of anti-ghost factors have the same 

2 °1 CT °0 

sign, b a wb a wb a o>) = b a (3)b a i<i)b a w y but the states have opposite signs |^) 13 = — |^) 3 i, and 
hence the (a-1) and (a-2) terms cancel each other. 

Next consider the type (b) configuration. The (b-1) diagram corresponds to (Uq\ (V x \ \R°) 
and (b-2) to {Uq\ (\4o| |-R c ). The former (b-1) is just the (a-1) diagram in the region with 
<?q ] < <y [ i ] < < 4 1} + 2a 2 cvr. In this region, the presence of string 1 plays no important 
role. If we forget string 1, then the vertex (Uq\ reduces to (U\, and, in fact the diagrams 
(b-1) and (b-2) are the same as those we encountered in the previous paper I for proving the 
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cancellation between (U\ (V x \ \R°) and (U\ (V^l \R C ), that is (T10) in Eq. ( g2g ). Therefore, 
the same calculation as there proves the cancellation of (b-1) and (b-2) terms here when the 
coupling relation 

= inix^ (4-68) 

is satisfied. One may wonder the discrepancy of the relative weights of the coefficients, 

2x^X(x : 2x u Xoo in Eq. (|3-22j ) and the present one 2xqx^ : — xqXoo in Eq. ( |3-29|) . However, 

v 

from the second term (Uq(1, 3, a c )\ (V^b , 2 C ) | |i? c (a c , b c )} in the latter, the specific diagram 

(b-2) with a definite set of string lengths appear twice since the term with 3 and 1 exchanged 

v 

in (Uq(1, 3, a c )\ also give the same diagram. So the actual relative weight of the present 
case is also —2x0c : 2xoo = -i a : Xoo, thus leading to the same coupling relation (|4-68|) as 
before. 

Next is the type (c) configuration, which is realized in two ways of gluing (c-1) and (c-2) 
at t = in Fig. p3[ They are nothing but (a-1) and (a-2) terms with moduli parameters 



in different regions, respectively, so can be described by the same equations as ( f4-66|) and 
( |4-67| ): with the LPP vertices for the glued configurations 



(v(132 c ;a^,a?,4 b) )\ = (u n (la2 c ; a^)\ (v x (b3; a?, #)| \R°(ab)) 
(v(132 c ;4 3 \a[ d \a { 2 d) )\ = (^(3c2 c ; (v x (dl; a?, a®)\ \R°(cd)) , (4-69) 

(c-1) and (c-2) appear in the forms 

(c-1) = [d4 l) da?d4 b) ^(lS^;^ 1 ^^^^)!^)^^!)^)^ (4-70) 

J °1 °2 "0 

(c-2) = - / da^da[ d) d4 d) (v(132 c ; 4ViVf )| ^A^> {b,V) {T \ (4-71) 

J °1 a 2 °0 

where the common external states |$) 2 c | lZ^) 31 are omitted. The minus sign of (c-2) has come 
from = — |^} 3 i- So we have only to compare the anti-ghost factors b a wb a wb a w and 
b a wb a (d)b CT (3) . Note that, since strings 3 and d carry negative string lengths, cr[ d \ er^ and 

(3) ~ ° 

(jg represent distances on the p plane measured from the opposite edge of the open string. 
Then the condition for these two diagrams (c-1) and (c-2) to reduce to a common glued 
configuration at r = is that the positions of those interaction points coincide: 

n (b) _ _ Ad) | | (6) _ (d) (6) (6) (1) _ I I (3) a _ 79 N 

The left-hand side of the third condition means that the interaction point appears at 
the place af 1 + a 2 — when crossing the cross cap cut [a[ b \ a 2 ] on the (c-1) diagram. 
As is clear from the diagrams, however, the configurations of (c-1) and (c-2) at r = are not 
quite equal to each other as they stand, since the whole region of closed string 2 C in (c-1) 
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case is wrapped by the cross cap cut. Therefore the glued vertices coincide with each other 
only when the twist operator acts on the (c-2) glued vertex: 

(€(1,3,2 C ;4V?U W )| = (v(l,3,2 c ;4 3 \4 d \4 d) )\^ (4-73) 
Similarly to the previous (T15) [type (b)] case, we can see from Eq. (|4-72|) the relation 

b w & (6) & (i) = n^\-b aW ){-b a(d) )b a{i) n^ = -Q^' l b {d)b w b a{i) n^ (4-74) 

°1 °2 2 10 12 

in the presence of (6qP)' 2 , and hence obtain, noting also that b ^ ^ is odd under Q^ c \ 

b^bj^bj^n^b^ 



1 "2 "0 
o 1 u 2 cr Q 



(4-75) 



This implies that the (c-1) and (c-2) terms cancel each other. 

Finally consider the type (d) configuration, which corresponds to (a-1) term with the 
moduli parameters in the region 



R : 
R' : 



a? < 4 ] < 4 ] 

II W ^ (1) / I I (*>) 

\a 3 \ 7T — 02 < 0Q < |or 3 | 7r — a{' 



(4-76) 



This case is more similar to the (T15) type (b) case. The cancellation occurs between the 
configurations in these two regions R and R' . These two configurations can be seen to 
give the same pattern of gluing; indeed, if we redraw the (d-2) diagram in the region R' 
by exchanging the two handles y' and z', then it can be recognized as possessing the same 
pattern as the (d-1) diagram in the region R. It is also the same as before that the orientation 
of the closed string 2 C is reversed in this exchanging process of y' and z' . Therefore, we find 
the conditions for these two to give a common configuration: 



the left leg 
the right leg 
length of y and z' 



OL\1X — (Tq = Ct3 71 — a 



2 ! 



0"2 - O"0 = Cl 



0, 



o • 



(4-77) 



where we have omitted the superscripts (b) and (1) and put prime to denote the parameters 
in the R' region to make distinction from those in R. The glued vertices with these corre- 
sponding parameter sets coincide with each other when the twist operator QW> is acting: 



(5(1, 3, 2 C ; O , 01, 02) I = (5(1, 3, 2 C ; a' , a[, a' 2 ) | . 



(4-78) 
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Noting the presence of the twist operation, we have the correspondence of the anti-ghost 
factors: 

b n b n b n = ^( 2C )^(^)(6 ct; )(^)^( 2C ) = +rt 2c r%, b(T , b(T ,^) (4-79) 

(2 C ) 

which is again valid in the presence of (boVy ' factor. We thus find 

= (v(l, 3, 2 C ; a' , a[, a' 2 ) \ b^b^Q^b^ 

= -(5(1,3, 2>»;)|^^^ (2C) fl (2C) , (4-80) 

implying that (d) type configurations also cancel between R and R' parameter regions. This 
finishes the proof for (T16) case. 

§5. Summary 

We have presented the full SFT action (|1-1|) for the unoriented open-closed mixed system 
and determined the BRS/gauge transformation laws for the open and closed string fields. 
We have shown that the action (|1 • 1|) indeed satisfies the BRS invariance at the 'tree' level; 
namely, all the terms (Tl) — (T16) vanish provided that the coupling constants satisfy the 
relations ( |4-2j ) - ( |4-6|) . Also for the other remaining terms (LI) — (L5) we have identified 
which one loop diagrams they are expected to cancel. 

The task to show that those loop diagrams are indeed anomalous and the terms (LI) 
- (L5) really cancel them, are left to the forthcoming paper. Because of this, two of the 
coupling constants, say x u and Xoo = —nx\, are still left as free parameters at this stage. We 
will show that these are indeed determined by the requirements of anomaly cancellations in 
the next paper. In particular, this determines that the gauge group SO(n) must be SO(2 13 ) 
in this bosonic unoriented theory case.i^& 
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Appendix A 

BRS and gauge transformations 

We here summarize the general rule for obtaining the BRS and gauge transformation 
laws from the action with a precise treatment of the statistics of the fields. 

The 

BRS invariance of the action implies what is called BV master equation© and automatically 
means the gauge invariance of the action. 

A.l. Notations and differentiation rules 

We introduce the notation <Pj and (P 1 , denoting the open and closed field unifiedly: 

'^'j < — ► $t, ^'1 < — ► & 1 (A-1) 

mi ' 1 ) 

As a convention, we take SL(2;C) ket vacuum |0) Grassmann even and so ket Fock vacuum 
|1) Grassmann odd. Then, SL(2;C) bra vacuum (0| must be Grassmann odd and the bra 
Fock vacuum be Grassmann even as is enforced by 

(0|c_iq,Ci|0) = (1|c|1) = 1. (A-2) 

Taking this into account we have the following Grassmann even-odd property: we cite here 
the statistics indices also for the quantities appearing below. 

<£>i, — - : 1 (odd) always odd independently of open or closed 



5 j (even) if <Pj is open 

5& 1 (odd) if $i is closed 

Ru, R IJ : I + 1 = J + 1 since no open-closed transition 

5 7 j, 5/ : (even) (A-3) 

Introduce a metric Ru and R IJ for lowering and raising the indices, which are the same 
as the reflector: 

x<*l = Wl,2)ll*> a ) M # = 
p\ = (R°(1,2)\\V) 2 S 

l*>i = a <*l !)> 1 ^ 

= \R°(2, 1)) j 



^ = <P J Rj!, (A-4) 



where the (pair of upper and lower) repeated indices imply the contractions (or summations). 
Note that Ru and R IJ have only open-open and closed-closed diagonal components. We 
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have the property of the reflector (or metric): 



Ru = {-) I+1 R 
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{anti-symmetric for open 
symmetric for closed 
R IJ = R JI : symmetric (A- 5) 

and satisfies 

R IJ Rj K = 5 J K = R J+ V- (A-6) 

A care should be taken of the order of the indices of the Kronecker deltas 5 K T and S I K: in 
particular, for the open string case, for which (— is negative. The Kronecker deltas 5^ 
and 5 I K are defined by the following property: 

S I J <p J = <p Il but 5 J j <Pj = 

<p J 5/ = but j = (A-7) 

For making it easy to translate into the bra-ket notation, we take always the convention: 

differentiation from Right 

differentiation from Left (A- 8) 



50! 5\$) 1 
5 5 

We have the following rule: 

**j " 5<Pj- R 

It should be noted that, as seen from 5<Pj/5<Pj oc 5/ and (5/54> J )<P I oc 5/, the derivatives 
5/5<P have the same Grassmann even-odd properties as <P in the denominator: that is, 5/5<Pj 
is always odd and 5/50 1 is I (even for open and odd for closed). 
Note: if we use the notation 

then, for any (Grassmann even) derivation 5, we have 

5F = F I 5<P I , 5F = 5<P J Fj. (A-ll) 

For (Grassmann odd) ant i- derivation Sa, we can convert Sa into the usual derivation \Sa 
by multiplying a Grassmann odd constant A and then we have 

X8 A F = F^Sa^i = A(-) (F+1) F / (5^ / , \8 A F = \8 A $ J Fj (A-12) 
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from which follows 

8 A F = (-Y^F'Sa^j, S a F = 5 A <P J Fj. (A- 13) 

From this Eq. ( AT1|) , we can also derive an identity which gives a relation between Fj 
and F 1 : from Eq. 



5$ J = R JI 5$i, <5$j = ^ J i?j 7 . (A- 14) 

Substituting this into 



F I 8^i = 8<P J Fj, (A- 15) 



we have, noting 



= F + 1 and \Fj\ = F + J, 

F I 8<I>i = 5<P J Fj = R ji 5<PjFj 

= (~) F+J R JI F J 8<P I = {-) F+I R IJ Fjd^ 
=> F J = (-) F+I R IJ Fj 
^ J Fj = F I 5<I>i = F i 8$ j Rji 

= (-yP+Vs&F'Rj! = (-Y^i-Y+^F'Ru 

F 7 = (-) /F+1 F / i? /J . (A-16) 

Let us introduce a generic notation: 

h" 1 * 5<P I ^--5<P I "8<P Jl 5$ Jm ^ • • • <5<Z> 7 « 8<P. h 8<P Jm 1 ; 

Then, since the left and right derivatives commute, we clearly have 

Fj = -^-F— = * = A F/ (A-18) 
1 8& 8<Pj 8& 5<Pj K J 

A. 2. BRS transformation 

Define the "BRS" transformation from the action S by 

fe *' = H s5z ' (a ' 19) 



which actually stands for 



f 5 B $i for open (1 = 0) 
5b$i = { , \ A-20 

1 6 B b <P T for closed (1 = 1) 



where 8b is the true BRS transformation. This BRS transformation 8b is an anti-derivation 
so that it obeys the rule (|A-13|) . Using that rule, we have 

8 B S = -S^b^i. (A-21) 
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We note that S 1 for 1=1 (closed case) always has a feg factor on the most right and so that 
we can multiply c^fe^ to it from the right since 6q Cq 6q — &o ■ So, inserting (cq ) 7 (6q ) 7 which 
is c^6o f° r = 1 and 1 for / = 0, we obtain 

S B S = -S 1 ^ ) J (6o YSb^i = S'i-c, ) 7 ((5b(& -)%) 

= -^(-co) 7 ^/ = -^(-Cq YSj. (A-22) 

So, if the action is BRS invariant, we have an identity, usually called BV master equation: 

S J (-c YSj = 0. (A-23) 

If the BV master equation is satisfied, the nilpotency of the BRS transformation auto- 
matically follows as follows: 

(6 B )\b y<Pj = 6363$! = SvS; = (-fi+^S^j 

o<Pj 

- 1 v+1 5Sl (%y(b ys B <Pj = (-y +1 ^(-c y(8 B (b y<Pj) 



As '' -c y6 B <Pj = (-y +i sf(-c ysj 



= ( SJ (- c o) JS j) = °- (A" 24 ) 
A. 3. Gauge invariance 

The gauge transformation is defined by 

5(vl)(6 -)^ ee R^^^ = (-)' +J S/4/. (A-25) 

Then, if the BV master equation is satisfied, the gauge invariance of the action also follows 
automatically: 

8(A)S = S'SiA)*! = S'teYfcYSiA)*! = S'faYSMfc) 1 *!) 

= (-YS^-c^ysfAj = i-) J l^J (S'i-^YSi) A J = °- (A-26) 
It should hold that 

S'i-c.ySj = S T ■ S'i-cv) 1 (A-27) 



since |SV| = I and 



raising index identities ( |A-16 ) which now read 



7+1 =0. We can confirm this directly by the lowering and 



S 1 = {-yR IJ Sj, S T = (-yS J Rjj. (A-28) 
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Using these, we see 



) I+1 R IJ Sj(-c YS K R KI 



R IJ Sj ■ S k (+CoYRki 



(-) i+1 R ij Sj ■ {-) IK S K {-c- ) K R KI 



:+CnYR 



Kl 



— C n 



R 



Kl 



R IJ RkiSj ■ S ( 



SjS K (-c Q 



1 + J + K = 1 + 2I = 1 



{—) i+1 R ji RikSj ■ S 
5 K J Sj-S K (-c ) K 



K i 



\K 



R 



i.i 



R 



.11 



R 



Kl 



R 



IK, 



S K ■ S K (-c 



\K 



(A-29) 



Essentially the same procedures prove the above used identities: 

s'i-cvYSj = ~ (s'i-dtysjt 

A. 4. Anomaly 



(A-30) 



If the integration measure is not BRS invariant, then the BV master equation gets a 
contribution from it and modified into 



S 



s'i-c^ysj = n(—(-c^y—)s = hs IJ (-^YR JI . 



(A-31) 



But this expression is too formal and it needs a suitable regularization to properly define 
the RHS. We shall discuss this point in the forthcoming paper. 



Appendix B 
GGRT 

The GGRT formulas have been proved by LPP© and the present authors (AKT).H* 
However, they restricted to the simplest situation in which only open strings exist. To apply 
the formulas in this mixed system of open and closed strings, we need some generalizations 
of the original GGRT, which we shall give in this appendix. 

In our SFT, there appear seven LPP vertices, which we can classify into the following 
three different classes, depending on the type of CFT which is referred to in the definition 
of the vertex: 

I. tree level open-type vertices (v\\ (Grassmann odd) 

3- pt: K(M,3)|, (n(l,2 c ;x)|, 

4- pt: K(l,2,3,4;a )|, ( Voo (l c , 2 C ; a )\ , (u n (l, 2, 3 C ; <7„)| ■ (B-l) 
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II. tree level closed-type vertex (tf T | (Grassmann even) 

(t; 3 c (l c ,2 c ,3 c )| (B-2) 
III. 1-loop level open- type vertex (Grassmann even) 

(^(1,2;^,^)! (B-3) 

Here the tree and 1-loop level vertices refer to the CFT on sphere and torus, respec- 
tively. The closed-type vertex (which is now uniquely (v§(l c , 2 C , 3°) | ) refers to a pair of 
CFT's corresponding to the holomorphic and ant-holomorphic degrees of freedoms, sepa- 
rately, while the open-type one refers to a single CFT on a complex z plane. (This explains 
why (t>oo(l c , 2 C ; cr ) | , for instance, is classified into the open-type vertex although it is the 
vertex of purely closed strings.) 

Because of this, the closed-type vertex is always given by a tensor product of a pair of 
'open-type' vertices representing the holomorphic and anti-holomorphic parts: in the present 
case, the closed 3-string vertex takes the form 

(^(1 C ,2 C ,3 C )| =(i53(l,2,3)|® ^3(1,2, 3)| (B-4) 

The reflectors 2)| and (i? c (l c ,2 c )| are, of course, 2-point vertices, and similarly can 

be classified to the open-type and closed-type vertices, respectively. Indeed the latter closed 
reflector, and its ket counterpart also, are given in the following tensor product forms: 



(R C (1 C ,2 C )\ = {R(1,2) ®(R(1,2)\ 

\R C (1 C ,2 C )) = \R(l,2))® £(1,2)) (B-5) 



This can be confirmed by inspecting the explicit expressions (2-11) and (2-12) in the previous 
paper I: precisely speaking, Eq. ( |B-5| ) holds if the exponent E± 2 in (2-12) of I is replaced by 

E c 12 = ER n+1 f-< (1) < 2) + cn {1) b n {2) - b n ^c n V) + a .h., (B-6) 

where the alternating sign factor (— ) n has been put additionally. Although the reflectors 
with and without this sign factor are equivalent to each other in the presence of the closed 
string projection operator V, it is necessary for the equality ( p-5|) itself to hold in the absence 
of V. 

The loop-level vertex is defined by the CFT on the torus: 



MW;r)inio# l > #( = (n^[ o * 



torus t 



-Tr 



;b-7) 
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where q = e mT and (— l) JVpp is the FP ghost number defined by 



N FP = cq&o + J2( c ~nb n - b- n c n ) 



(B-8) 



n>l 



which counts the ghost number from the Fock vacuum. 

As was shown in LPP and AKT, we have the following tree level GGRT which holds for 
any two tree level open-type vertices (vi({Bj}, D)\ and (i>i(C, {A}) I 



| (vi(C, {Ai}) \ \R°(D,C)) = Mta-MA})! 



(B-9) 



The resultant LPP vertex (vi({Bj}, {A}) I f° r the glued configuration also becomes a tree 
level open-type vertex. 

We need another type of gluing already at the tree level; the gluing of a tree level 
open-type vertex (vi({Bj}, D c )\ containing at least one closed string D c and the tree level 
closed-type vertex (i>n(C c , by contraction using \R C (D C , C c )). However, applying the 

above GGRT twice, we can show that the same form of GGRT holds also for this case: 



( Vl ({B 3 },D c )\ (v^(C c ,{Am \R C (D C ,C C )) = (^i({S,},{A})| 



vB-10) 



Indeed, separating the various closed string quantities into the holomorphic and anti-holomorphic 
parts and writing D c = (D, D), etc, we have 

(t; I ({^}, J D c )|(t; n (C c ,{A})|| J R c ( J D c ,C c )) 

[vi({Bj}, D,D)\ (y(C, {A}) | (v(C,{A})\ \R(D,C)) \R(D,C)) 
^({Bj}, D,D)\ (v(C,{A t })\ \R(D,C)) ■ (v(C,{A t })\ \R(D,C)) 
%({Bj}, D, {A t }) (v(C, {Ai}) R(D,C)) 

(B-ll) 



= {v l ({B j },{A i },{A i }) =(v l ({B,},{A^})\. 

Next consider the gluing of two tree level open-type vertices each containing closed string 
by contraction using \R C ): 

( Vl ( J D c ,{^})|(t; I (C c ,{A})||i? c ( J D c ,C c )) 

= { Vl (D, D, {Bj})\ ( Vl (C, C, {A})\ \R(D, C)) \R(D, Cj) (B-12) 
But this has exactly the same form as the 1-loop level GGRT proved in AKT: 

(v^D^^B^Kv^CiA.j^E^lR^D^C^lR^E^)} = (v L ({B,},{A k };r)\ . (B-13) 
Therefore, we immediately obtain 

MD^iBj})] <^ C ,{A})| \R C (D C ,C C )) = - K({^},{A})| (B-14) 
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with (v-L({Bj}, {Ai})\ being the 1-loop level LPP vertex resultant from this gluing. (Note, 
however, that there is actually a sign ambiguity here in the right-hand side since the exchange 
of the two vertices (vi\ on the left-hand side gives rise to a sign change contrary to the case 
of tree level GGRT formula QBgj).) 



Finally consider the gluing of 1-loop level vertex and tree level open-type vertex by 
contraction using \R°). 

WAWll «C,{Ai})\ \R°(D,C)) = (vLUB&iAi})] (B-15) 

This can also be proved by using the tree level GGRT. To do this, we first note that the loop 
level vertex can generally be reduced to a tree level vertex in the following form: 

(«l({* 4 })| = (vi(F, {&i} 7 E) \ \R°(E,F)) . (B-16) 

This is clear since if we cut the loop of the 1-loop diagram corresponding to the vertex 
(t>L({$,:})| then the both sides of the cutting line correspond to the intermediate (open) 
strings E and F and the diagram becomes a tree level vertex (vi(F, E)\ before contrac- 
tion by \R°(E, F)). Then Eq. ( |B-15 ) is proved by the tree level GGRT as follows: 



(v L {{B ] }),D\(v l {C,{A l })\\R°{D,C)) 

= (^(F, I \R°(E,F)) (?;i(C,{A})| \R°(D, C)) 

= (vi(F, {Bj}, D, E) \ (v 1 (C,{A l })\ \R°(D,C)) \R°(E,F)) 
= (vi(F, {Bj}, {Ai}, E) \ \R°(E,F)) = ^({Bj}, {A})| ■ (B-17) 

In summary, we have shown that we can apply the naive GGRT formula to all the cases 
we are discussing in the text. 
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